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Abstract

This paper proposes a strategy for proving the computational hardness of finite-state trans-
ducer identification problems. Although it is well known that identifying classes of trans-
ductions characterized by state-counting bounds is NP-complete, the case of identifying
structured classes of subsequential transductions is less understood, despite its relevance
to current in-the-limit learning algorithms like SOSFTA. In this paper, we apply the pro-
posed strategy to prove that both previous identification problems are NP-complete. This
provides a simpler proof of the known result, as well as a new hardness bound on the

identification of subsequential transducers when given a priori structural information in
the sense of SOSFIA.

Keywords: transducer identification, structured classes of subsequential transductions,
NP-completeness

1. Introduction

In the identification of transducers from samples of their behavior, the question of computa-
tional complexity is often subtle. A fundamental negative result is due to Gold (1978), who
demonstrates that identification of Mealy-model transducers with at most m states from
given data is NP-complete. In contrast, positive results have been provided for well-behaved
cases. The L* algorithm of Angluin (1987) identifies finite-state acceptors in polynomial
time when given the ability to query data from a minimally adequate teacher. When
the data is given passively instead of queried actively, the OSTIA algorithm of Oncina
et al. (1993) identifies subsequential transducers in the limit—that is, as the data becomes
sufficiently characteristic of the target transducer (Gold, 1967; de la Higuera, 2010)—in
polynomial time.

Jardine et al. (2014) propose a further specialization to when the learner has access
to the finite-state structure of the target transducer, making the learning target a struc-
tured class of subsequential transductions.’ For this class, their SOSFIA algorithm provides
identification in the limit with an improvement in time complexity compared to OSTIA.
Applications of SOSFIA have been proposed in computational linguistics, where various
sorts of phonological and morphological processes are modeled by structured classes of sub-
sequential transductions.

Our work is motivated by a limitation of SOSFIA that is not shared by other in-the-limit
learners like OSTTA. Whereas SOSFIA exactly identifies the target transducer when given

1. For consistency between the classes of m-state transducers studied by Gold (1978) and the name struc-
tured classes of subsequential transductions, we will call classes of subsequential transductions character-
ized by state-counting bounds bounded classes of subsequential transductions.

© 2026 W. Schilling.



SCHILLING

sufficiently characteristic data, it may hypothesize a transducer that is inconsistent with
the data when that data is insufficient. In other words, SOSFIA is not feasible in the sense
of Gold (1978). This poses a challenge for linguistic applications, where it has been found
that available data may fail to be fully characteristic of typical learning targets (Gildea and
Jurafsky, 1996).

This paper establishes that SOSFIA’s feasibility limitation is inherent, or that there
exists no feasible learner for structured classes of subsequential transductions unless P =
NP. The proof is by way of our proposed simulation strategy, where identification of an
automaton A is reduced to identification of an automaton B by mapping data from A to data
that simulates A within B. Specifically, by simulating stateless transducers within stateful
transducers, we prove that the (feasible) identification of both bounded and structured
classes of subsequential transducers is NP-complete. The hardness result for bounded classes
is a subsequential transducer version of the result given by Gold (1978) for Mealy-model
transducers, and uses a far simpler proof. The hardness result for structured classes is novel
to our knowledge, and implies that SOSFIA’s feasibility limitation is inherent.

The paper is organized as follows. Section 2 describes the theoretical preliminaries. Sec-
tion 3 presents decision versions of the relevant identification problems, and known hardness
results. Section 4 applies the simulation strategy to prove that identifying structured classes
of subsequential transductions is NP-complete. Section 5 provides a reduction that results
in a solver for identifying structured classes of subsequential transductions. Section 6 ap-
plies the simulation strategy to prove that identifying bounded classes of subsequential
transductions is NP-complete. Section 7 concludes and proposes directions for future work.

2. Preliminaries

2.1. Strings and congruences

An alphabet ¥ is a finite nonempty set of characters. X* is the set of strings, or finite
sequences of characters from Y. A denotes the empty string. Let u, v, w, x be strings. The
length |u| of w is the number of characters in u. uv or u - v is the concatenation of u and v.
If w = wv, then wu is a prefix of w. If w = zuw, then u is a substring of w. A language over
3 is a subset of ¥*. A transduction between alphabets ¥ and I' is a maybe-partial function
t:X* =TI

Let ~, ~1, ~3 be equivalence relations over ¥*. If ~ results in finitely many equivalence
classes, then it is said to have finite index. ~ is finer than ~y (equivalently, ~ is coarser
than ~1), denoted ~; £ ~g, if and only if every equivalence class of ~9 is a union of
equivalence classes of ~1. ~ is a right congruence (or simply congruence) over ¥ if and only
if for all strings u, v and characters o, we have u ~ v = wuo ~ vo. A right congruence
class (or simply congruence class) C over X is a set of right congruences over X, all with finite
index, that is closed under intersection and coarsening. If C contains a finest congruence
~, then C is said to be structured. In this case, ~ uniquely identifies C, which consists of
exactly the coarsenings of ~, and is called the canonical congruence.
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2.2. Finite automata and representations

A deterministic finite automaton (or simply automaton) over an alphabet ¥ is (Q, d, qo, F')
where @ is a finite set of states, d : @ x X — @ is the maybe-partial transition function,
qo € @ is the initial state, and F' C @ is the set of final states. The extended transition
function §* : @ x ¥* — @ is defined via §*(q,uv) = 0*(6*(q,u),v), 6*(¢q,0) = d(q,0),
and 0*(¢,A\) = ¢ for all ¢ € Q, u,v € ¥*, and 0 € ¥. The domain of §* is restricted
according to the domain of §. Every automaton A recognizes a language £(A) defined as
{u € ¥*| 6*(qo0,u) € F}. An automaton is total if and only if § is total and F = Q. In this
case, 0* is also total and L£(A) = X*.

Strings u, v are transition congruent with respect to A, denoted u ~4 v, if and only
if (qo,u) ¢ dom(6*) A (qo,v) ¢ dom(d*) or 6*(qo,u) = *(qo,v). The transition congruence
is a right congruence. Conversely, every right congruence ~ is the transition congruence
of the total finite automaton A. in Equation 1. This correspondence enables us to take
total finite automata as a representation of congruences and structured congruence classes,
which is analogous to SOSFIA’s use of output-empty transducers to specify the transition
structures of learning targets (Jardine et al., 2014).

Al = (%) ~, 6, [N, 5%/ ~)

d([u]~, 0) = [uo]~

(1)

We will also want access to a notion of congruence class that is not predicated on the
specification of a domain ¥ (e.g. Definition 5). To this end, a structured congruence universe
¢ is defined as a polynomial-time computable function that associates each alphabet 3 with
a structured congruence class €y, over X.

2.3. Transducers and subsequential transductions

A transduction t : ¥* — I'* is homomorphic if and only if for all strings u, v, we have
t(uv) = t(u)t(v). A homomorphic transducer is a maybe-partial function h : ¥ — I'*. Every
homomorphic transducer recognizes a homomorphic transduction ¢t : ¥* — I'* defined via
t(uv) = t(u)t(v), t(c) = h(o), and t(A) = A for all u,v € £* and ¢ € X, where the domain of
t is restricted according to the domain of h. Conversely, every homomorphic transduction
is recognized by the homomorphic transducer defined via h(o) = t(o).

A subsequential transducer T between alphabets ¥ and T' is (A, 4,0, f) where A =
(Q, 9, qo, F) is the underlying automaton, ¢ € I'* is the initial output string, o : dom(9) — I'*
is the transition output function, and f : F' — I'* is the final output function. The extended
transition output function o* : Q x ¥* — I'* is defined via 0*(q, uv) = 0*(q, u)-0*(6*(g, u),v),
0*(q,0) = o(q,0), and 0*(q,\) = A for all ¢ € Q, u,v € ¥* and o € 3. The domain of
o* is restricted according to the domain of 0. Every subsequential transducer recognizes a
transduction ¢ : ¥* — I'* defined via t(u) =i - 0*(qo,u) - f(0*(qo,u)) with dom(t) = L(A).
A transduction is called subsequential if and only if it is recognized by some subsequential
transducer.

Let T = (A,i,0, f) be a subsequential transducer that recognizes the subsequential
transduction ¢. For all m € NT, if A has at most m states, then T and ¢t are called m-state.
For all congruence classes C, if =4 is in C, then T and t are called C-subsequential. For all
m € NT and structured congruence classes C, the m-state subsequential transductions are
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a bounded class of subsequential transductions, and the C-subsequential transductions are a
structured class of subsequential transductions.

2.4. Computational complexity

We will assume that the reader is familiar with the NP complexity class, NP-completeness,
and polynomial-time mapping reductions. For an introduction, the reader is directed to
Sipser (2013).

3. Transducer Identification Problems

Definition 1 is the Homomorphic Transducer Identification Problem (HTIP). Ehrenfeucht
and Rozenberg (1979) prove that the version of the problem with instances restricted to
just one data pair is NP-complete. Since those problem instances are a special case of HTIP
instances, HTIP is also NP-hard, a fact used in Lemma 2.

Definition 1 For a fized alphabet I", the Homomorphic Transducer Identification Problem,
denoted T-HTIP, is as follows: given an alphabet ¥ and n data pairs (x1,y1), ... (Tn,yn) €
¥* x I'*, decide whether there exists a homomorphic transduction t : ¥* — I'™ such that
t(x;) = y; for all i.

Lemma 2 T-HTIP is NP-complete for all alphabets T' where |T'| > 2.

Proof Firstly, I-HTIP is in NP for all alphabets I'. The desired verifier takes a homomor-
phic transducer as a witness and checks that the homomorphic transduction ¢ it recognizes
is such that t(z;) = y; for all 7. It remains to show that I-HTIP is NP-hard for all alphabets
I" where |I'| > 2, for which we appeal to Ehrenfeucht and Rozenberg (1979) [ |

Definition 3 is the Bounded Subsequential Transducer Identification Problem (BSTIP),
the problem of identifying bounded classes of subsequential transductions. Gold (1978)
proves that a similar problem, with transducers restricted to the Mealy model, is NP-
complete. It is easy to show that BSTIP is in NP, as in Lemma 4.

Definition 3 For a fized alphabet T’ and m € N*, the Bounded Subsequential Transducer
Identification Problem, denoted (I', m)-BSTIP, is as follows: given an alphabet ¥ and n data
pairs (1,Y1), - .- (Tn,yn) € X* x I'*, decide whether there exists an m-state subsequential
transduction t : ¥* — T'* such that t(x;) = y; for alli.

Lemma 4 (I',m)-BSTIP € NP for all alphabets T' and m € N*.

Proof The desired verifier takes an m-state subsequential transducer as a witness and
checks that the m-state subsequential transduction ¢ it recognizes is such that t(x;) = y;
for all 7. |

Definition 5 is the Structured Subsequential Transducer Identification Problem (SSTIP),
the problem of identifying structured classes of subsequential transductions. It is easy to
show that SSTIP is also in NP, as in Lemma 6.
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Definition 5 For a fixed alphabet I' and structured congruence universe €, the Structured
Subsequential Transducer Identification Problem, denoted (I', €)-SSTIP, is as follows: given
an alphabet ¥ and n data pairs (x1,y1), ... (Tn,yn) € X* x T'*, decide whether there exists a
Cx-subsequential transduction t : ¥* — I'* such that t(x;) = y; for all i.

Lemma 6 (I',¢)-SSTIP € NP for all alphabets T' and structured congruence universes €.

Proof The desired verifier takes a €x-subsequential transducer as a witness and checks
that the €x-subsequential transduction ¢ it recognizes is such that ¢(z;) = y; for alli. H

An observation that will be useful in our proofs is that for every class of transductions
in these identification problems, if there is a transduction from the class that is consistent
with the given data, then there is also a total such transduction, since its domain can be
extended without changing its original outputs. This allows us to assume without loss of
generality that the witness for a problem instance contained in any of these identification
problems is total.

4. Identification of Structured Classes of Subsequential Transductions

This section applies the simulation strategy to reduce HTIP to SSTIP, proving that SSTIP
is NP-complete. The reduction relies on the fact that the maximally-refined transition
structure of a C-subsequential transducer is known a priori to be the canonical congruence
of C. It works by isolating one state in this canonical transition structure around which to
simulate a single-state machine, that is, a homomorphic transducer. Treating the transition
structure as a directed graph with its states as vertices and its transitions as labeled edges,
we will call a state that can be isolated in this way a trackable vertez, as in Definition 7.

Definition 7 Let (V,E) be a directed graph with labeled edges (v,o,v") where v,v' € V.
For all vg,v € V, v is trackable from vg if and only if there exists a tracking path, a path
from vy to v that contains every outgoing neighbor of v.

Figure 1: [b]~ is a trackable vertex from [A]., and the string ab traverses its

A vertex v being trackable guarantees that we can traverse from the initial vertex wvg
to v, and that we can always traverse back to v after traversing away from v. This is easy
to see in Figure 1. Now, a homomorphic transducer processing an input string x can be
simulated on the outgoing transitions of v by inserting the string that traverses the tracking
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path back to v before every character in x. This way, it is exactly the original characters in
x that traverse the outgoing transitions of v. To ensure that the inserted characters cannot
produce additional output, it suffices to enforce that the input string traversing the entire
tracking path maps to the output string A\. This way, every output string along the tracking

path must be A. Figure 2 visualizes this reduction outline with the transition structure from
Figure 1.

ba::ccd
data = {(a,c), f~(data) = {(ab - ab,c),
(ab, ced), (ab-ab - bab,c- cd),
(ba, cde)} (ab - bab - ab,cd - c),
(a0, 1)}

(a) An HTIP instance and a witness  (b) The mapped SSTIP instance and witness

Figure 2: The HTIP witness is simulated around the [b]... state in the SSTIP witness.

Algorithm 1 shows that the desired trackable vertex always exists by outputting such a
vertex and a corresponding tracking path. The algorithm is essentially a depth-first search
without backtracking, since a terminal node in the search is exactly a trackable vertex.
Lemma 8 proves correctness.

Algorithm 1: finding a trackable vertex and a corresponding tracking path

Function find trackable vertex(V, E, vp):
mark(vp);
p < singleton_path(vp);
v 4 vp;
loop
if 3(v,0,v") € E, ~is_marked(v’) then

mark(v');

p + append_to_path(p, (v,0,v));

v <]

else

‘ return (v, p);

Lemma 8 Let (V, E) be a directed graph with labeled edges. For all vy € V', we have that

find trackable vertex(V, E,vg) outputs (v,p) in polynomial time, where p is a tracking
path from vy to v.
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Proof Analyzing the time complexity using the typical strategy for a depth-first search, it
is clear that the program terminates in O(|V| + |E|) time, which is linear in the size of the
input graph. As for correctness, it is invariant after the mutations on lines 2—4 and on lines
7-9 that p is a path from vy to v, and that the set of marked vertices is the set of vertices
contained in p. Additionally, upon reaching the return statement on line 11, the condition
on line 6 must be false. That is, every outgoing neighbor of v is marked. By the invariant,
it follows that p contains every outgoing neighbor of v. Thus, p is a tracking path from wvg
to v. |

Assured that one can find a trackable vertex, Theorem 9 demonstrates the previously
outlined reduction. It follows that SSTIP is NP-complete, as in Corollary 10.

Theorem 9 TI-HTIP <p (I',&)-SSTIP for all alphabets T and structured congruence uni-
verses €.

As for the notation in Algorithm 2, join_labels takes a path and outputs the string of its
edge labels. drop_until takes a path p and a vertex v and outputs the path that is a suffix
of p and whose first vertex is v.

Algorithm 2: A mapping reduction from HTIP to SSTIP

Function fN((SUl, y1)7 (IQ) yQ)’ s (gjnv yn))
([v]~,p) < find_trackable vertex(X*/ ~, {([u]~, 0, [uc].) | u € ¥ 0 € T}, [A]~);
let h: ¥ — ¥* via h(o) < 0 - join labels(drop_until(p, [vo].));
construct ¢, : ¥* — ¥*, the homomorphic transduction that h recognizes;
return {(join_labels(p) - tx(zi),vi) | 1 <i <n}U{(join_labels(p),\)};

Proof Let I' be an alphabet and let € be a structured congruence universe with every
¢y, having a canonical congruence called ~. The desired reduction is given in Algorithm 2.
The call to find trackable vertex runs in polynomial time by Lemma 8, and the rest
of the program clearly runs in polynomial time. Also, the size of the instance mapped
by f~ is clearly polynomial in the size of the original instance. Recall from Lemma 8
that the input string join_labels(p) traverses a tracking path from [\ to [v]. in A..
As for correctness, we will show that (X, (z1,41), ... (Tn,yn)) is in T-HTIP if and only if
%, fu((z1,y1)s - (0, 9n))) isin (T, €)-SSTIP.

First, assume that (X, (z1,91),...(zn,yn)) is in I-HTIP. Then, there is a total ho-
momorphic transduction ¢ : ¥* — T such that t(x;) = y; for all i. We construct
the C-subsequential transducer T" = (A.,i,0, f) according to Equation 2. Consider the
C-subsequential transduction ¢’ : ¥* — T'* that T recognizes. Since the input string
join labels(p) traverses a path to [v]., it cannot traverse any outgoing transition of
[v]~, 80 0*([\]~,join labels(p)) = A and t'(join_labels(p)) = A. The same holds for
every contained sub-traversal, so o*([vo]~, join-labels(drop-until(p, [vo].))) = A for all
o € 3. It then follows from Calculation 3 and t(z;) = y; that (X, fu((z1,y1), - (Tn,Yn)))
is in (T, €)-SSTIP with ' as a witness.

i=A o([v]~,0) = t(o)

F(lu) = A of[u]mr ) = A for all [u] # [~ )
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Now, assume that (3, fo((z1,y1), ... (Tn,yn))) is in (', €)-SSTIP. Then, there is a total
Cy-subsequential transduction ¢’ : ¥* — I'* such that ¢'(join_labels(p) - tp(z;)) = ;i and
t'(join labels(p)) = A for alli. Let T' = (A~, 14,0, f) be a €x-subsequential transducer that
recognizes t'. It follows from '(join_-labels(p)) = A that i = X, 0*([\]~, join_labels(p)) =
A, and f([v]~) = A. Since o*([A]~, join_labels(p)) = A, every contained sub-traversal
must also produce the output A, so 0*([vo]~, join_labels(drop-until(p, [vo].))) = A for
all 0 € ¥. We construct the homomorphic transduction ¢ : ¥* — I'* via t(0) = o([v]~, o). It
follows from Calculation 3 and t'(join_labels(p)-tn(x;)) = y; that (X, (x1,y1), - .- (Tn, yn))
is in I'-HTIP with ¢ as a witness.

t'(join_labels(p) - tp(x;)) = i - 0" ([N ~, join_labels(p) - tp(x;)) - f(--+)
*([A]~, join_-labels(p)) -

0% (05, ([A]~, join_-labels(p)), tn(x;))
= o*([v]~, th(i))
= prefixes uo from o; 0" (62 ([V]~, th(u)), th(0))
= Il fom 2, 0" ([V]~, 1(9))
= 1o from o; [o([v]~, 0) -

0*([vo]~, join_labels(drop-until(p, [vo].)))]

= 1o tom 2, t(9)
= t(z)

|
S

Corollary 10 (I',€)-SSTIP is NP-complete for all alphabets I' where |I'| > 2 and struc-
tured congruence universes €.

Proof It follows from Lemma 2 and Theorem 9 that (I', &)-SSTIP is NP-hard. Since
(', €)-SSTIP is also in NP from Lemma 6, we may conclude that (I, €)-SSTIP is NP-
complete. |

5. Reducing SSTIP to HTIP

Theorem 11 demonstrates a straightforward reduction in the other direction, from SSTIP
to HTTP. From here, it is easy to derive a solver for SSTIP by encoding HTIP into the
language of any sufficiently expressive NP string theory solver. For instance, one could
employ the string theory SAT encoding given by Lotz et al. (2024).

The reduction works by mapping each input string = to the string of transitions traversed
by a C-subsequential transducer processing x. This way, a witness homomorphic transducer
for the mapped HTIP instance is exactly the assignment of transitions to output strings
that characterizes a witness C-subsequential transducer for the original SSTIP instance.

Let ~ be the canonical congruence of C. In the mapped string of transitions, the initial
transition will be represented by the left delimiter (x). Transitions between states will be
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represented by a pair ([u]., o) of the source state [u].. and the character o. Final transitions
will be represented by a pair ([u]., x) of the final state [u]. and the right delimiter .
Overall, the alphabet of transitions is {x} U ((£*/ ~) x (X U {x})) and will be called X.

Theorem 11 (I',¢)-SSTIP <p I-HTIP for all alphabets I' and structured congruence
universes €.

Algorithm 3: A mapping reduction from SSTIP to HTIP
Function f’:/((xlv y1)7 (1’2, ?/2), s (gjnu yn)):
let ip € X* via ip <>4>;
let o : (%) ~) x £ = 2* via o ([u]~, 0) < ([u]~, 0);
let fr:(X%/ ~) — X" via fr(lu]~) < ([u]~, x);
T« <AN7 iTa or, fT>7
construct t7 : X* — X*, the €x-subsequential transduction that T recognizes;
return {(tp(z;),y) | 1 <i<n};

Proof The desired reduction is given in Algorithm 3. Since the proof is not much more
enlightening than the previous reduction outline and does not apply the simulation strategy
that is the focus of this paper, it will be deferred to Appendix A. |

6. Identifying Bounded Classes of Subsequential Transductions

This section applies the simulation strategy to reduce HTIP to BSTIP, proving that BSTIP
is NP-complete, as in Corollary 13. The reduction is demonstrated in Theorem 12 and works
by isolating the initial state in the m-state transducer around which to simulate a single-
state machine, that is, a homomorphic transducer. This is similar to the simulation from
the reduction in Section 4, except that in this case, the transition structure of the transducer
is not known a priori. Instead, this reduction inserts data that enforces a desired transition
structure. In our desired transition structure, every state other than the initial state is
rendered useless by forcing the concatenation of an out-of-bounds string to the output if
traversed. This way, it is guaranteed that the input strings from the original data only ever
traverse the initial state.

More precisely, the reduction is as follows. A character [ is added to X to traverse the
useless states without using characters in the original data. The out-of-bounds string w is
chosen to be longer than any output string in the original data, guaranteeing that it never
appears as a substring. The states are arranged so that the [J transitions cycle all m states
by inserting the data ([, w) for all 1 < j < m, and (O™, ). This also ensures that the
useless states have w as their final output string, and that the initial output string and the
final output string of the initial state are both A. The outgoing transitions of the useless
states are accounted for by inserting the data ((V - o,w) for all 1 < j < m, and o € X.
This way, it is impossible to traverse to a useless state and back to the initial state without
encountering the output string w. Figure 3 visualizes this reduction outline with m <« 3.
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data = {(a, ), f3~(data) = {(a, c), (ab, ccd), (ba, cdc),
(ab, ced), (0, w), (Oa, w), (Ob, w),
(ba, cde)} (00, w), (Oda, w), (OO, w),
(OO, A)}

(a) An HTIP instance and a witness  (b) The mapped BSTIP instance and witness

Figure 3: The HTIP witness is simulated around the ¢y state in the BSTIP witness.

Algorithm 4: A mapping reduction from HTIP to BSTIP

Function fm,'y((-rl,yl)? (1‘2, y2)7 E (xmyn)):
k< 14 max} | |yil;
w %
return
{(xl,yl) |1<i<n}U
(@) 1<) <m}u
{(D] ow)|1<j<m,oeX}U
{@m

A

Theorem 12 T-HTIP <p (I',m)-BSTIP for all alphabets T' and m € NT.

Proof Let I' be an alphabet, let m € NT, and take v € I". The desired reduction is
given in Algorithm 4. The program clearly runs in polynomial time. Also, the size of
the instance mapped by fp, , is clearly polynomial in the size of the original instance.
As for correctness, we will show that (X, (z1,41),...(2n,ys)) is in I-HTIP if and only if
Eu{0}, fiy(z1,91)s - -« (Tn, yn))) is in (I, m)-BSTIP.

First, assume that (X, (z1,91),...(zn,yn)) is in T-HTIP. Then, there is a total homo-
morphic transduction ¢ : ¥* — IT'* such that ¢(z;) = y; for all i. We construct the m-state
transducer T' = (A, 1,0, f) according to Equation 4. Consider the m-state transduction
t' (X U{0})* — I'* that T recognizes. It follows from Calculation 7 (Appendix B), Calcu-
lation 5, and t(z;) = y; that (X U {0}, foo~((z1,91), - - (Tn, yn))) s in (I, m)-BSTIP with

10
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t' as a witness.

A= (Z/mZ,q,0,Z/mZ) 6(,0)=7+1
90 =10 5(j,o)=jforallc € X
4
i= 0.0 = A W
flq) = A o(qo,0) = t(o) for all o0 € 2
f(4) = w for all j # qo o(j,o) =Aforall j #¢qyand o0 € &

Now, assume that (XU{O}, fi~, ((x1,91), ... (Tn,yn))) isin (I', m)-BSTIP. Then, there
is a total m-state transduction t' : (X U {{0})* — T'* such that #(z;) = y;, (V) = w,
(V- 0) = w, and ¥(O") = A forall i, 1 < j < m, and 0 € 8. Let T = (A,i,o0, f)
be an m-state transducer that recognizes t'. It follows from ¢'(00™) = X that i = A,
o(6*(qo,[¥),0) = A, and f(6*(qo,0™)) = X for all 0 < j < m, since ¢(0™) would be
nonempty if any of those output strings were nonempty. It then follows from ¢/((/) = w
that f(6*(go,[17)) = w for all 1 < j < m, since the initial output string and the transition
output strings traversed by ¢(CJ7) have been proven empty, so the output w can only be
the final output string.

We will now show that the [J transitions traverse all m states before completing a cycle,
that is, 0*(qo, ) = 0*(qo, %) = j =k for all 0 < j,k < m. Assume for the sake of
contradiction that there exist 0 < j,k < m such that 6*(qo, ) = 6*(qo, 3*) but j < k.
Then, 1 < k—j <m,s01<m—(k—7j) <m. Recall that A = f(6*(qo,0™)), and now
£(5 (a0, 0™)) = F(8" (5" (a0, 0), 0" 5)) = F(5" (8 (g0, L), 0" %)) = £(5" (0, D™~ (--1)),
and observe that f(6*(qo, 0™ (=9))) = w. Thus, A = w, which is the desired contra-
diction. Moreover, the cycle is completed by traversing back to the initial state, that is,
0*(qo,d™) = qo. This is because there are only m states, so every other state is one from
the cycle 6*(qgo,[17) where 1 < j < m. Thus, traversing back to one would entail the same
contradiction A = w.

We will now show that after traversing to a non-initial state, it is impossible to avoid pro-
ducing the output w without traversing (] transitions, that is, 0*(6*(qo, [7), u) - f(6*(qo, 2 -
u)) has w as a substring for all 1 < j < m and u € ¥*. Tt follows from #((¥ - o) = w
that 6*(go, [ - 0) = g9 = 0(6*(qo,[),0) = w for all 1 < j < m and o € X, since the
initial output string and the [ transition output strings traversed by #(C}V - o) have been
proven empty, so if the final output string is also empty, then the output w can only be the
o transition output string. By induction on the length of u with base case u + A, it is easy
to extend this result to 6*(go, [ - u) = qo = “0*(6*(qo, V), u) has w as a substring” for
all 1 < j < m and u € ¥*. Now for the desired result, let 1 < 7 < m and v € ¥*. In the
case that 6*(qo, [V - u) = qo, we get 0*(6*(qo, [7),u) has w as a substring. In the case that
5% (a0, 0 1) # o, we get f(5(qo, TV -u)) = w. Fither way, 0*(6" (a0, ), 1) £(5* (g0, OV 1)
has w as a substring as desired.

Finally, we can show that d(go,0) = qo for all o from any z;. Assume for the sake of
contradiction that there exist o1, 09, ...0. from x; such that &(qg, o) = 6*(qo, ) for some
1 <j < mif and only if 0 = 03 for some 1 < b < ¢. Let v be the longest prefix of x;
that does not contain any of o1, 09,...0, that is, v € (X \ {01,09,...0.})* and u € ¥
such that vopu = x for some 1 < b < ¢. Then by Calculation 8 (Appendix B), y; = t/(x;)

11
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has 0*(6*(qo, ), u) - f(6*(go, [ - u)) as a substring, which has w as a substring. This is
the desired contradiction, since w is longer than any y;. We construct the homomorphic
transduction ¢ : ¥* — I'* via t(0) = 0(qo, o). It follows from Calculation 5 and ¢'(x;) = y;
that (X, (z1,y1),...(Zn,yn)) is in [-HTIP with ¢ as a witness.

t'(x;) = i-0"(qo, i) - F(0"(q0, 1))
= [Hpreﬁxes uo from z; 0(5*((]0’ U), O-)} : f(é*(qm xl))

= [IL, trom «; 9(90,9)] - f(40) (5)
= I, from «, t(0)
= t(z;)

[ |

Corollary 13 (I',m)-BSTIP is NP-complete for all alphabets I' where |I'| > 2 and m €
NT.

Proof It follows from Lemma 2 and Theorem 12 that (I',m)-BSTIP is NP-hard. Since
(I',m)-BSTIP is also in NP from Lemma 4, we may conclude that (I',m)-BSTIP is NP-
complete. ]

7. Conclusion

This paper proposes the simulation strategy for proving the hardness of transducer iden-
tification problems. We apply the strategy to prove that the identification of structured
classes of subsequential transductions is NP-complete, which implies that SOSFIA’s (Jar-
dine et al., 2014) feasibility limitation cannot be addressed by designing a feasible learner
unless P = NP. We demonstrate that the strategy gives a simpler proof that identification of
bounded classes of subsequential transductions is NP-complete, which is the subsequential
transducer version of a known result for Mealy-model transducers by Gold (1978). We also
provide a reduction from the identification of structured classes of subsequential transduc-
tions to the identification of homomorphic transductions, a problem that can be encoded
into the language of current NP string theory solvers (Lotz et al., 2024).

In future work, the simulation strategy could be applied to more classes of transductions
than subsequential ones. Currently, the hardness of identifying rational transducers is less
understood than that of identifying subsequential transducers. Yet, both NP-complete
identification problems in this paper, SSTIP and BSTIP, have natural rational counterparts.
We hypothesize that both rational transducer identification problems can be proven NP-
complete using the strategy proposed in this paper, especially considering the bimachine
representation of C-rational transductions due to Filiot et al. (2019).
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SCHILLING

Appendix A. Proof of Theorem 11

Proof Let I' be an alphabet and let € be a structured congruence universe with every
¢y, having a canonical congruence called ~. The desired reduction is given in Algorithm 3.
The program clearly runs in polynomial time. Also, the size of the instance mapped by f.
is clearly polynomial in the size of the original instance. As for correctness, we will show
that (2, (1,91), . .. (Zn, yn)) is in (T, €)-SSTIP if and only if (2, fo((21, 1), - - . (€n,yn))) is
in -HTIP.

First, assume that (X, (x1,y1), - .. (®n,yn)) is in (', €)-SSTIP. Then, there is a total Cx-
subsequential transduction ¢’ : ¥* — I'* such that ¢'(z;) = y; for all i. Let T = (A.,4,0, f)
be a €x-subsequential transducer that recognizes t’. We construct the homomorphic trans-
duction ¢ : £* — I* via t((x)) = i, t({[u]~,0)) = o([u]~, o), and t({[u]~, x)) = f([u]~). Tt
follows from Calculation 6 and #(z;) = y; that (3, fo((z1,91), ... (€n, yn))) is in T-HTIP
with ¢ as a witness.

Now, assume that (2,fN((x1,y1), . (®n,yn))) is in T-HTIP. Then, there is a total

homomorphic transduction ¢ : ¥* — I'* such that ¢(tr(x;)) = y; for all i. We construct the
Cx-subsequential transducer T' = (A, 4,0, f) where i = t((x)), o([u]~,0) = t({[u]~,0)),
and f([u]~) = t(([u]~, x)). Consider the €x-subsequential transduction ' : ¥* — I'* that
T recognizes. It follows from Calculation 6 and t(tp(x;)) = y; that (2, (z1,91), .- (Tn, Yn))
is in (T, €)-SSTIP with ¢’ as a witness.

i1 - | preices uo rom o, 07O (W), 0)] - (8% (A, 22)))
= 1(09) | Tprefnes ur trom 2 0Ny 0), 7} - (62 (A, 1), )
= 4((0)) * [ [Tpetines ur trom o O (s w),0) | (8 (], ), ) (6)

i [Hpreﬁxes uo from z; o(0L([A]~, u), 0')] fOE([A] s 1))
= i-0"([Al~, @) - FOL([AI~, i)
= t'(x;)
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Appendix B. Calculations for Theorem 12

t(07) = i-0"(0,0) - £(6*(0,))
=fG)=w (byl<j<m)

(¥ o) = i-0* 0,0V - o) - £(5°(0,[F - o))
=0"(0,1¥) - 0(6"(0,¥), 0) - f(8(5*(0, ), 0))
= O(j,O') f(é(jvo-))
=fG)=w  (by1<j<m)

S
O
Z

|

0*(0,0™) - £(5%(0,0"))
= fm) =[O =A  (bym=0¢Z/mZ)

(6" (qo, vopu))

6% (qo, v), o), u) - f(6*(6(87(
q0,05),u) - f(67(6(qo, 0b), 1)
(90,0),u) - £(6* (5% (g0, 1), )
( f( )

t'(z;) = t'(vopu) = i - 0*(qo, vopu) - f
qO,Wb) 0™ (6(
(o(
0*(5* g0, V), w) -

G0, ), 0b), )
)

*

5*(q0,DJ U
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