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Abstract

Passive automata learning is a machine learning technique that infers an automaton model
of a system from a set of execution traces. While originally conceived for inferring determin-
istic finite automata, many algorithms for different formalisms have since been developed,
targeting systems with infinite state space as well as stochastic systems. However, the
combined setting of stochastic reactive systems with continuous output domains is cur-
rently underexplored. For such systems, existing work typically applies classical methods
on discretized data. In this paper, we present a method for lifting such models back to the
continuous domain. The main contribution is a novel automata learning method that takes
the continuous data into account during the inference process. This reduces the impact of
the discretization method on the quality of the resulting models. We evaluate the approach
by comparing it to established algorithms that operate exclusively on discretized data.
Keywords: Passive Automata Learning, Reactive Systems, Stochastic Systems, Cyber
Physical Systems, Markov Decision Processes

1. Introduction

Computer systems are increasingly employed in systems that interact with the real world,
often in a context that involves uncertainty. Many such Cyber-Physical Systems are safety
critical and thus have to undergo rigorous verification. However, accurately modeling such
systems is often costly or infeasible. This motivates the use of methods that can extract
models from existing data, which can then be used for verification purposes. One such
method is automata learning. However, most automata learning algorithms are only capable
of inferring finite state systems and any applications thereof are in a purely finite setting.
Extensions of automata learning to formalisms that support infinite or even continuous
components — e.g. in the context of reactive systems — are an active field of research. In
recent years, Gurung et al. (2023) developed methods for Hybrid / Cyber-Physical Systems.
Foster et al. (2021) and Cassel et al. (2016) among others developed methods for Extended
Finite State Machines. Where these methods are not applicable, a common approach is to
(dynamically) abstract / discretize continuous data as done by Pellegrino et al. (2016) and
Tappler et al. (2024). This reduces the problem to a finite setting at the cost of introducing
discretization error. Discretization can also lead to apparent nondeterminism. However,
continuous systems often have stochastic characteristics, e.g., due to measurement noise.
This motivates the use of stochastic IO automata as is done by Tappler et al. (2024). A
challenge that comes with this approach is how to choose the abstraction / discretization
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such that it is fine enough to capture relevant aspects of the system behavior but coarse
enough to avoid degenerate data and computational complexity.

In this paper, we develop a passive automata learning method for stochastic 10 au-
tomata with continuous outputs. The algorithm is based on the red-blue state-merging
framework first presented by Lang et al. (1998). The method decreases the influence of
the discretization method by using the continuous data during compatibility checking. An
implementation of this method is available online'. It is based on the automata learning
library AALpy by Muskardin et al. (2022), in particular its state-merging framework due
to von Berg and Aichernig (2025).

The contributions of this work are as follows. (1) We present a general method for adding
continuous output data back to a probabilistic model that was learned from discretized data.
(2) We propose a passive automata learning algorithm that makes use of the continuous data
during the learning process rather than using it only in postprocessing. (3) We evaluate our
approach and compare it to other learning algorithms. (4) We provide an implementation
of our methods based on an established automata learning library.

The remainder of the paper is structured as follows. Section 2 discusses the basic
concepts required for the naive discretization-based approach. In Section 3, we provide the
details of the post-processing method and our novel learning algorithm. This algorithm
is compared to the naive approach in Section 4. Finally, Section 5 provides concluding
remarks and relates to preexisting work.

2. Preliminaries

In this section, we first outline passive automata learning based on state-merging. This is
done based on the algorithm IOAlergia by Mao et al. (2016) for inferring labeled Markov
decision processes (MDPs)?, which can be used to describe probabilistic systems with dis-
crete behavior. We then discuss systems with continuous behavior and a simple abstraction
mechanism. The latter introduces discretization error, but results in a discrete setting,
where established automata learning algorithms can be applied to learn an approximation.

For any set S we denote the set of probability distributions over S as D(S), the set of
all multisets composed of elements of S as B(S) and the powerset of S as P(.5).

Markov Decision Processes. MDPs are a type of finite state automata that can be
thought of as a probabilistic extension of Moore machines. We use the following definition,
similar to Tappler et al. (2021).

Definition 1 A labeled Markov Decision Process (MDP) is a tuple (Q,qo, 1,0, L,?)
where Q) is a finite set of states, qo € Q is the initial state, I and O are finite sets of inputs
and outputs respectively, L : Q — O is an output function assigning each state a specific
output and 6 : Q x I — D(Q) is a (partial) probabilistic transition function.

The intuition behind § is that for any state ¢, applying some input ¢ results in a prob-
abilistic transition to a state ¢’ according to the respective distribution, i.e., ¢ ~ d(q,1).

1. https://github.com/BenjaminVonBerg/Automata-Learning-for-Probabilistic-I0-Automata-with-Continuous-0Outputs
2. We use the term MDP to stay consistent with the automata learning community, although the broader
machine learning community usually refers to the same concept as partially observable MDP.
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An MDP M = (Q, qo,I,0, L,d) is input complete iff § is a total function, i.e., if the MDP
accepts each input ¢ € I in every state g € Q.

An MDP M = (Q, qo, I, 0, L, 6) is deterministic iff, in any state ¢, the next state ¢’ is
fully determined by the applied input ¢ and the observed output o. In other words, when
applying 7 in ¢, there is at most one possible successor ¢ with output o. More formally,
Vge Q,icl,ocO:|{¢d €Q|L()=0Ndgi)d) #0}| <1. Determinism is a common
assumption in automata learning algorithms and is also used throughout this paper. Note
that the class of deterministic MDPs is less expressive than MDPs. For deterministic MDPs,
the transition function ¢ can be lifted to input-output traces, such that d(q,t) is equal to
the unique state reached from ¢ after applying / observing the trace t.

When inferring an MDP model from prerecorded data, the data is given as a multiset
of traces. Each trace ¢ is a finite sequence of symbols alternating between symbols of
the output domain O and the set of inputs I. Additionally, each trace starts and ends
with a system observation. Consequently, the set of all traces over I and O is defined as
TR1o=0-(I-0)*. We omit the subscript if I and O are clear from the context.

State-Merging. Passive state-merging algorithms do not use MDPs directly, but rather
keep track of how often each input-output pair has been observed, using an empirical
transition function 5 Q x I — @ x N instead of the distribution §. A tuple (@, qo, I, O, 3>
is called a Frequency I0 Automaton (FIOA). Passive state-merging starts by constructing
a so-called Prefix-Tree Automaton (PTA) from the available traces T C TR. Each state in
the PTA corresponds to a common prefix in the traces. This construction is possible only
because of the assumption of determinism. Starting from the PTA, states are iteratively
merged based on an algorithm-dependent compatibility criterion. Since the target MDP is
assumed to be deterministic, each merge induces an equivalence relation on states. This
corresponds to a partitioning 7 of states, i.e., 7 C P(Q) s.t. Vg € Q : 3Qx € 7 : q € Qp,
from which a quotient automaton can be extracted. While the compatibility criterion has
to operate on 7, it commonly aggregates information from a compatibility criterion in terms
of two individual states. When inferring probabilistic models, the compatibility criterion
for two states typically compares the empirical distributions of outputs for each input using
some statistical test. For example, Mao et al. (2016) use the Hoeffding bound. When several
merges are possible, merge candidates can be ranked according to a score function. Finally,
an MDP is extracted by normalizing frequencies to probabilities.

Usually, state merging algorithms do not guarantee that the resulting model is input
complete. This can happen when insufficient data is available such that a specific input has
never been observed for some state. A common method to ensure input completeness is to
add self transitions for the missing state-input pairs in a post-processing step.

Systems with Continuous Behavior. Since this work is concerned with learning
behavioral models of reactive systems with continuous outputs, MDPs as given in Definition
1 are not suitable. We make the following core assumptions about the system under learning,
which essentially describe a version of MDPs with infinite state- and output-spaces.

1. The state space of the system is continuous and partially observable. The observations
stem from a continuous domain C, typically R¢ for some d € N_.
2. The system works in discrete time steps that process inputs from a finite set I.

3. The system exhibits stochastic behavior.
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In the literature, mappers are commonly used to abstract from the complexity of con-
tinuous domains, e.g., by Pferscher and Aichernig (2020) or Aarts et al. (2015). In this
work, we consider a simple version of this concept where a mapper is defined as a func-
tion A : C — O, where O — also called the (abstract) output alphabet — is a finite set of
representatives of the continuous space, i.e., O C C. We lift this function to traces and
(multi-)sets of traces in the natural manner. This allows us write A(T") for the multiset of
abstract traces derived from a multiset T' of continuous traces from the original system.

State-Merging for Systems with Continuous Behavior. The classic state-merging
approach for learning probabilistic models can quickly degenerate if Ny, = |I| - |O| is large
compared to the number of samples if the system is not highly deterministic. This is be-
cause the amount of data per node in the PTA diminishes quickly with increasing depth
as each node can have up to Ny, children. As a consequence, the statistical compatibility
tests performed during merging are supported by little data and thus not a reliable basis for
decision-making. This reaches its extreme for continuous alphabets, where each node in the
PTA except the root is expected to have only a single observation attached. Thus, employ-
ing state-merging on systems with continuous behavior is not feasible in a straightforward
manner. However, we can learn an abstract MDP model M = (Q, qo, I, O, L, ) of a contin-
uous system S from a collection of continuous traces 7' C TRy ¢ via a mapper A : C — O
by applying standard methods to a collection of abstract traces A(T"). An issue with this
is that, in general, the abstraction Sy of S with respect to A can not be represented as a
deterministic MDP (even if S is deterministic). Consequently, it is impossible to learn a
correct model of the abstraction even in the limit. The focus of automata learning in this
setting must therefore lie on learning a sufficiently accurate approximation of the system.

3. Methodology

3.1. Continuous Distributions via Postprocessing

In some cases, e.g., for generative models, it is desirable to not only map the outputs
from the concrete to the abstract domain, but also the other way around. For an MDP
M =(Q,qo, 1,0, L,0d) learned under some mapper A, instead of using a static representative
for each discrete output o € O, we can estimate a distribution of (continuous) outputs o(q) €
D(C) for each state ¢ € Q. Together, the mapper, the learned model and the estimated
continuous output distribution form a continuous abstraction M. = (A,Q,qo,1,0,L,6,0).
To construct o, we start by replaying the training data on M and recording the continuous
outputs for each state. This results in a continuous output map ¢ : @ — B(C) from which
the output distribution for each state can be estimated. In particular, we use Kernel Density
Estimation with Gaussian kernels (compare Gramacki (2018)).

Given a continuous abstraction M, = (A4, Q, qv, 1,0, L,d,0), applying a fixed sequence
of inputs i = (iy,...,4,) for any n € N results in a distribution D; € D(C"*!) over sequences
of the output space with length n + 1. A sample can be drawn from D; using an iterative
process in which a sequence of n + 1 states g and outputs zy for 0 < k < n is sampled as
follows. The first state in the sequence is the initial state qo. In the k-th step, we sample a
continuous output xx ~ o(qx). The continuous output xy is discretized to obtain an abstract
output o = A(xg). The next state is sampled as g1 ~ 6(qx, ix). Conversely, the likelihood
of a given continuous trace t = (xg, i1, 1, ..., in, Tn) is computed using a sequence of states
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qr, with 0 < k < n such that Vk € [0,n] : L(qx) = A(xg) A (kK # n = 6(qr, ik+1)(qr+1) # 0).
Since determinism is assumed, such a sequence of states is unique if it exists. The likelihood
of ¢ can then be calculated from g as L(t | M.) = o(qo)(x0) [ 11 0(qe—1, 1) (qr)o (qr) (zk).

MDPs and their extension into continuous abstractions are conceptually similar to Moore
machines in the sense of von Berg and Aichernig (2025), as the output depends only on
the current state. A similar construction for adding continuous data to stochastic Mealy
machines is possible. However, there are several subtle differences and discussing them is
out of the scope of this paper.

3.2. Using Continuous Data during Automata Learning

In this section, we describe a state-merging algorithm that uses the continuous data in
its compatibility check. In particular, our method tests the compatibility of the output-
distributions of different states. This is complimentary to established automata learning
algorithms, which perform tests on the distributions governing the transition probabilities
between states. This allows us to combine our method with established algorithms from
the discrete setting, thus considering both aspects of the system as a whole.

Overview. As usual in state-merging, the first step is to construct a PTA from the
continuous data with respect to some mapper A. The abstraction is required to avoid the
infinite-state issue mentioned in the preliminaries. We also obtain the continuous output
map & for the PTA, which is used in compatibility checking instead of the abstract values.
The compatibility check is based on standard methods from statistical hypothesis testing.
Given an FIOA M = (Q,qo0,1,0, L, 5), any partitioning of its states 7 corresponds to a
hypothesis Hg relating the FIOA to the system S from which the traces were sampled. In
particular, Ho states that, for each partition Qr € w, all states ¢ € @ correspond to the
same state p of the system S. This is in contrast to a more complex hypothesis in which
at least one of the partitions () contains a state ¢ that corresponds to a different state
p’. If sufficient data is available, H is equivalent to the statement that for each partition
Qr € 7 all ¢ € QQ are compatible in the following sense. First, the unknown distributions
F(q) from which the samples (q) are drawn have to be the same distribution F' € D(C).
Formally, this is expressed as VQp € m,q1,q2 € Qk : F(q1) = F(q2). Second, for all i € I,
the samples from the empirical transition function ) (q,1) have to be consistent with respect
to how often each representative o € O is reached. This allows us to decompose Hg into
the two (conjunctive) hypotheses H, for the output distributions and H;s for the transition
distributions. Established automata learning methods for the discrete setting are commonly
based on Hs. Since we use our method in conjunction with a discrete learning algorithm,
this allows us to focus on H,, which is unique to the continuous setting. For a specific
partition Q, the hypothesis ¢, whether all samples 6(q) for ¢ € Qj, stem from a common
distribution can be tested using a k-sample test. Such a test produces a p-value that states
how extreme the observations are with respect to Hg,. The p-values from all partition-
input combinations can be combined into a p-value for H,, which is the conjunction of
all Hg,. The hypothesis H, is rejected iff the combined p-value is below a user-specified
threshold e. A merge is only accepted if both H, and Hs are accepted, where the latter
is deferred to the discrete algorithm Ap. If Ap is also based on p-values, the p-values for
H, and Hs can be combined into a single p-value, which can not only be used as singular
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rejection criterion but also serve as a score for ranking different viable merge candidates.
This results in the compatibility check illustrated in Algorithm 1.

Algorithm 1 Compatibility computation
Input: States @, Inputs I, Partitioning 7, Continuous Output Map &
Parameters: Rejection Threshold e, Discrete Algorithm Ap
Output: Score or Rejection L
begin
ps <— &
for Q. € w do
| ps[Qx] < k-sample test for (6(q) |q € Q)
end
p < combine p-values in ps
results < Ap(m)
if p < eVresults = 1 then
‘ return |
else
‘ return combine p and results
end

end

Statistical Tests. There are several k-sample tests that can be used in the algorithm.
We considered rank tests such as the extension of the Anderson-Darling test by Scholz and
Stephens (1987), Kruskal-Wallis tests, van der Waerden scores and normal scores (compare
Lehmann and D’Abrera (2006)), as well as tests based on (in-)dependence measures dis-
cussed by Panda et al. (2025). Additionally, we also considered the Kolmogorov-Smirnov
(KS) test, which is restricted to two samples. Our algorithm can be adapted to the two-
sample case as follows. For each partition @ and state ¢ € Q, we evaluate the KS test
for the samples 6(¢) and the joint sample from all ¢ € Qy s.t. ¢’ # g. This extension of
the two-sample KS test into a k-sample test works reasonably well in practice, although it
is not canonical to the best of our knowledge.

The independence-based tests are of special interest since they also work for multivari-
ate data, which enables us to handle systems where the output is a vector rather than a
single real number. This is in contrast to rank-based tests, which do not generalize well to
multivariate data. A naive method for using rank-based tests in the multivariate setting,
is to perform the test for each dimension separately and combine the results afterwards.
However, this approach does not consider dependencies between variables.

Another parameter that can be adjusted is how the p-values are combined. There is a
rich variety of combination methods — compare Nikolitsa et al. (2025) — including methods
that can handle weighting such as Stouffer’s method and methods based on averaging as
discussed by Vovk and Wang (2020).
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4. Evaluation
4.1. Setup

We implemented the two methods outlined in the previous section in Python using the
state-merging implementation of the automata learning library AALpy. For the statistical
tests we used the libraries scipy, hyppo and kSamples by Virtanen et al. (2020), Panda et al.
(2020) and Scholz and Zhu (2025) respectively. The evaluation was performed on a CPU
cluster with AMD EPYC 9375F 32-Core processors running at 3.85 GHz. The experiments
were run in parallel, each using a single core with a one hour timeout.

Evaluation Method. We evaluated our approach (A¢) by comparing it against es-
tablished state-merging algorithms for MDPs, in particular IOAlergia (A 4;) by Mao et al.
(2016) and a variant of the likelihood-ratio method (Argr) by Verwer et al. (2010) adapted
for the 10 case. As a least effort baseline, we also consider the algorithm Ay computing the
unigram model. This model is constructed by introducing a single state for each abstract
observation o € O. A transition is added between two states with outputs o1 and 02 on
input i if (01,1, 02) is a sub-sequence of any trace. Each algorithm is evaluated on a set of
benchmark systems using a wide range of parameters. We also study the effect of sampling
methods, i.e., the number and length of traces, on the quality of the models. The quality of
the resulting models is assessed based on the average step likelihood of data from a testing
set that is generated using the same sampling method. For a given benchmark system
S and sampling strategy G, we obtain a training set Ti.q;, and a test set Tisr sampled
from S using G. For each algorithm A in consideration, we learn a continuous abstraction
M. = A(Trqin, @) for several parameter combinations ¢. The parameters include for exam-
ple the used abstraction A and the rejection threshold e. We then evaluate the geometric
mean of the per-step likelihood of the test data on the inferred model, which is given as
La = Tlier,., L(t] MYV with N = > teTy., (It +1) /2, which provides us with a metric
that can be compared across different data generation methods. If even a single step has
a likelihood approaching zero, the geometric mean will approach zero as well. While — in
general — steps with zero likelihood are indicative of a bad model, they are expected to occur
in low data scenarios where the training data do not contain the full extent of the system
behavior. This can happen even if a model is input complete, as some abstract output
might not have been observed for a specific state-input pair. For this reason, we also report
the median per-step likelihood Lj;. We do not consider the arithmetic mean because it
is very sensitive to steps with very high likelihood, which can often dominate the result.
This happens for states with narrow distributions regardless of whether these distributions
accurately model system behavior or are artifacts due to insufficient data. To sum up, we
compare two learned models by checking how well they explain unseen data, measured by
the average per-step likelihood of a test dataset that was generated in the same way as the
training data.

Except for Ay, each algorithm has some form of confidence parameter €. For each
algorithm, this parameter is varied using eight values in a wide range from 0.5 * 10~ to
0.1. We refer to a group of configurations that differ only in the e-value used as an e-
ensemble. Unless otherwise noted, we aggregate results among e-ensembles and report only
the value for the € that achieves the best results with respect to one of the metrics discussed
above. Our method has additional parameters such as the statistical compatibility test and
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the method for combining p-values. These parameters are compared separately later on.
Also, our algorithm needs to be applied in conjunction with an algorithm that accounts for
the transition probabilities.

Evaluated Systems. We use several systems to evaluate our approach. This includes
three examples from the Gymnasium collection of systems for reinforcement learning: Moun-
tain Car Spso, Cart Pole Sop and Pendulum Sp. Each of the systems has a multidimen-
sional state space. The (apparent) stochasticity of the systems stems from three factors: (1)
each observation is subject to output noise, (2) the initial state is chosen randomly and (3)
discretization error. For each system, we consider two cases with one and two observable
state variables respectively. For more detail regarding the individual systems we refer to
the paper by Towers et al. (2024).

Apart from the Gymnasium environments, we consider three additional systems. The
first system considers a robot that is attached on a rail along which it can move. In each
step, the robot tries to move a fixed amount to the left or to the right depending on the
input of the system, i.e., |[I| = 2. However, the robot’s movement is (1) constrained to the
rail, which we set to 16 steps long and (2) imprecise, which is modeled by additive Gaussian
noise with a standard deviation of a quarter step. Initially the robot is in the middle of the
rail. The output of the system is the position on the rail. We call this system Deterministic
Robot or Spgr for short.

The second system, Nondeterministic Robot (Syr), is almost identical to the first, except
that the input to the system determines whether the robot stays in place or moves in a
randomly chosen direction. Due to the random choice of the movement direction, the input
alone is less indicative of the reached state than for Spr and assessing observations correctly
becomes more important. We expect this to increase the impact of the discretization scheme
since it determines the quality of the observations.

The third system is called Water Tank (Swr). It consists of a tank with an inlet and
a pump which removes water from the tank. The system has two actions: inaction and
activating the inlet. Activating the inlet triggers a stochastic process in which the tank is
filled. The inflow rate is high initially but stochastically decreases over time until it reaches
zero. The pump is turned on if the water level exceeds 80 percent capacity and turned
off if the level drops below 20 percent. Additionally, small fluctuations occur. Only the
change in water level is observable. The system was designed to be simple yet challenging.
In particular, it contains a deterministic but not directly observable component (the pump)
and a stochastic but partially controllable component (the inlet).

The sampling strategies have three parameters Ny, Npnin, Bmaz. Lhey sample N; se-
quences from the input alphabet of the system under learning, where each symbol occurs
uniformly and the length is chosen according to a uniform distribution over the interval
[Mmin, Mmaz]. We consider five different configurations. The first three use short traces
with 10 to 20 steps and are denoted as G, 1, Gs2 and G, 3 with 100, 500 and 1000 traces
respectively. The data generation method G, uses 500 traces of length 40 to 60. Finally,
G; uses 100 traces of length 100 to 200. We use a simple discretization scheme with Np
evenly sized intervals. The number of discretization steps is given and other parameters are
discussed below on a case to case basis.
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LG LM

| T/O || Av | Au | Ar | ABC | ABS | AM | Ay | A | Aug | ABC | AKS | AY
Ay 00 - [700] 714 85.7] 842 844 - | 783 87.5] 97.1 | 97.3 | 89.6
A 00| 00| - | 571|857 | 789 |81.0| 00| - | 71.4| 97.1 | 94.7 | 87.9
Arp | 671196 339 | - | 857 | 789|660 || 107|267 | - | 97.1| 89.4 |60.7
ABC | 423 85| 85| 57| - |44.4 114 28| 28| 28| - |48.1 | 142
AES | 37211105 | 157 | 105 | 48.1 | - |184 || 26| 52| 105 | 48.1 | - | 184
AM 3.3 103|137 | 267 | 828 | 736 | - | 103|120 392 | 85.7 | 815 | -

Table 1: Aggregated results for the core benchmark including the timeout ratio T/O and
how often the column algorithm outperformed the row algorithm.

4.2. Results

We initially performed a screening process to narrow down the parameter space. This
initial test phase showed that Ajpg usually produces better models than A4; with respect
to our metrics. For this reason, we chose Apgr as the algorithm responsible for testing the
transition distribution used in A¢, i.e., Ap = Apg in our evaluation. Furthermore, from the
statistical tests provided by kSamples, hyppo and scipy, we eliminated all but three tests:
the rank-based KS test from scipy, the independence-based Distance Correlation (DC) test
from hyppo and Multivariate Analysis of Variance (MANOVA or simply M) also provided
by hyppo. The other tests were not able to consistently outperform those three tests in
terms of quality or required time.

Core Bechmark. The core benchmark set consists of the systems with univariate ob-
servations. It considers all five data sampling strategies. We use two different discretization
schemes with Np € {4,8} steps. We evaluated Ay, Aa, Arr as well as our approach
Ac with the three hypothesis tests KS, DC and MANOVA. The p-values are combined
using Fisher’s method. A qualitative evaluation of the results is given in Table 1. The
first column shows the percentage of how many e-ensembles failed to compute even a single
model in time. These e-ensembles are not considered in the following. Each of the remain-
ing columns shows the percentage of how often the respective algorithm outperformed the
other algorithms specified by the rows with respect to the two metrics Lg and Lj;. Both
metrics show the same trends, although more prominently for the median. The less extreme
values for the geometric mean are due to occasional outliers where Lg = 0. While DC and
KS both exhibit a high number of timeouts, the models they produce if they finish are
usually of higher quality than those of the other algorithms. MANOVA strikes a balance
of quality and time requirements. While it still outperforms A;r more often than not, it
can not compete with KS and DC in terms of model quality. However, MANOVA is fast
to compute and results in even less timeouts than Apg. This might seem surprising at first
glance, since it uses Arp internally. However, incorrectly merging two states can induce
additional structure in the state space of the learned model and thus artificially inflate it,
leading to an increase of options in merging. Therefore spending more time on individual
compatibility checks can decrease overall runtime if it increases the quality of merges.

To evaluate how much our method can improve the quality of the learned models, we
consider specific data generation and discretization parameters. In particular, Table 2 shows
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_ Spr _ SNr _ Swr _Suc _ Scp _ Sp

|Alg | Lg | ¢t Lg | t Lg | ¢ Lg | ¢ Lg | t Lg | t
Ay 0.149 | <1 0.165 <1 1.06 <1 256 | <1 7.48 <1 0.109 <1
< | Aa 0.325 | <1 0.188 40 106 | <1 277 | ~1 929 | <1 | 0.110 3
I | Arr || 0.361 4 || 0.219 4| 1.27 19 || 256 | <1 9.39 14 || 0.113 52
z | ABC - - 0.263 | 2862 || 1.42 | 1956 - - 0.00 | 2867 || 0.135 | 2362
Q AES 11 0.473 | 936 || 0.264 | 669 || 1.43 | 497 - - 9.84 | 565 || 0.122 | 2048
AY 0.392 | 188 || 0.189 13 || 1.24 42 || 3.47 | 326 9.67 80 || 0.123 | 566
Ay 0239 | <1 0237 <1161 <1 347 <1 897 <1 0139 <1
w | Aal 0416 | ~1 | 0248 | <1 | 1.61| <1 | 4.03| <1 1021 | <1 0139 <1
I | Acg || 0.488 | 14 | 0.268 34| 0.00| 138 || 4.28 | 33 9.59 10 || 0.097 | 859
z | ABC - - 0.319 | 2000 - - - - 10.36 | 726 | 0.155 | 2105

S AES | 0.574 | 997 || 0.321 | 936 || 0.00 | 2147 - - 9.40 | 1030 - -
AY 0.509 | 211 || 0.286 | 160 || 1.50 | 235 || 4.41 | 290 || 10.23 54 || 0.144 | 807

Table 2: Per-step likelihood L and execution time ¢ for data sampled using Gs.2-

the best results obtained in terms of Lg for Gs2 with Np € {4,8}. This data generation
was chosen for the fact that it produces more data than G, but in contrast to G, 3, G,
and G;, allows most algorithms to complete in time. For each system S, the table shows the
value of Lg as well as the time required to compute the result. While KS and DC are slower
than the other algorithms, they also produce significantly better results. In particular, an
improvement of about 20 percent compared to the best non-A¢~ method is observed several
times, with a peak of over 30 percent. For the two cases where KS / DC result in Lg = 0,
the respective Ljs values are still higher than any of the other algorithms. The highest
improvement across all experiments was measured as 96.7 % for Scp with G, 1 and Np = 4.
The worst degradation on performance with respect to non-A¢ algorithms on the other
hand was -8.2 % for Sy with G; and Np = 8. These results clearly show, that considering
continuous data during the state-merging process is beneficial for quality of the resulting
models.

Multivariate Systems. Next we handle systems with multivariate output. For this,
we slightly adapt the Gymnasium-based systems by extending the observable part of the
state space of each system by a second variable. The discretization is applied to each variable
separately, resulting in N% potential outputs. For this reason, we consider Np € {2,4,8}.
The additional value 2 leads to |O| = 4, similar to Np = 4 in the core benchmark. The
benchmark set is similar to the core set otherwise. A quantitative analysis similar to Table
1 is provided in Table 3. While the table exhibits some of the trends of the core set, they are
not as clear as previously. A major difference is that, in terms of Lg LR and KS perform
significantly worse than before. Some of that is explained by the fact that both tend to learn
bigger models compared to the other algorithms with an average number of states around
45 compared to 30. This means that the data is spread out among the automaton states
which makes issues related to input completeness and missing outputs more common, which
implicitly penalizes large models. This holds particularly for low data scenarios, which is
especially detrimental for KS, as it tends to time out with too much data. The issue is
exacerbated by the high number of discretized values in this benchmark. On the other
hand, a high number of discretized values strengthens the unigram model and algorithms
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I_/G -Z/M
| T/O || Au | Aa | Apr | A8 | AES | AY || Au | Aai | Aur | ABC | AES | AY

Ay 0.0 - 62.2 | 429 | 56.1 | 385 | 56.4 - 82.2 1 92.9 | 92.7| 69.2 | 74.6
Aa 0.0 0.0 - 38.1 | 45.2 | 23.5 | 47.5 0.0 -
ALr 7.5 | 26.2 | 33.3 43.3 | 23.5 | 38.5 || 4.76 | 16.7

ABC | 352 1220 | 29.0 | 20.0 | - | 33.3| 220 488 | 0.0 | 200 | - |54.2| 122
AES | 63.0 || 46.2 | 58.8 | 47.1 | 41.7 | - 46.2 || 30.8 | 41.2 | 47.1 | 458 | -
AM 9.3 || 14.6 | 30.0 | 33.3 | 53.7 | 385 | - 18.2 | 15.0 | 48.7 | 87.8 | 61.5| -

Table 3: Aggregated results for the multivariate benchmark

that tend toward it such as A 4;, which further closes the gap. Still KS is a strong contender
that outperforms the other algorithms more often than not when considering Lj,.

Maximal Abstraction. In the most extreme case, the abstraction maps each concrete
value to the same representative, i.e. |O| = 1. We refer to this as trivial abstraction At.
This choice of abstraction, while nonsensical in most cases, exemplifies the strength of the
proposed method. Under this abstraction, each algorithm based on the abstract values
alone degenerates to the unigram algorithm Ay. In contrast, our method is still capable
of distinguishing states based on the continuous data associated with each state. Averaged
over the core benchmark, the best performing model learned with our algorithm under At
has a 52.3 % higher per-step likelihood than the corresponding unigram model. This is
most extreme for systems where the system state is fully observable such as Spg, where L
is up to 4.3 time higher than for the unigram model. These models can even be competitive
with models learned from more data and with a finer abstraction. For example, the model
inferred by Ags from the multivariate version of Sy/c using Gs1 under A+ outperforms
all non-Ac models not using G 3 or Gso with Np = 8 with respect to both L and Lyy.
That is to say that it outperforms models learned from five times as much data with sixteen
output labels. A similar but less pronounced effect occurs for the multivariate Scp.

Combining P-Values. To investigate the effect of the method for combining p-values,
we considered all univariate systems with G,» and Np = 4. In this paper, we consider
the Cauchy Combination Test (CCT), the tests by Fisher (F) and Stouffer (S) as well as
the geometric mean (G). The latter two support weighting, in which case we consider the
unweighted case and weighting with the sample size (W). Weighting is slightly adjusted in
the two-sample case of KS. For each test involving a sample from a single node and the rest
of the partition, we consider the sample size of the single node rather than the combined
sample. For the DC and KS hypothesis test, the results of these experiments clearly suggest
using Fisher’s method or the geometric mean with weighting, with a bias towards F for KS
and G+W for DC. While the time requirements are roughly similar for F and G+W, three
e-ensembles timed out for F, which favors G4+W. In the case of MANOVA, Fisher’s method
still outperforms each other method at least fifty percent of the time, although the situation
is much less clear than for the other algorithms. For the exact results, we refer to Table 4
in Appendix A. A more thorough evaluation of this aspect would be desirable but is out of
scope for this paper.
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5. Conclusion

Summary. In this paper, we discussed the problem of inferring approximate automaton
models from reactive systems with continuous outputs with stochastic behavior. We pro-
posed a simple method for adding continuous output distribution to existing MDP models
in a post-processing step. This process results in a new type of model, which we called
a continuous abstraction. The MDP model required for this approach can be inferred us-
ing existing automata learning methods in conjunction with a mapper that discretizes the
continuous observations. We then provided a method that takes the continuous data into
account during inference. The algorithm uses non-parametric k-sample tests to determine
whether a potential merge of two nodes should be rejected. The method was evaluated in
comparison to existing automata learning methods relying solely on the discretized data.
The evaluation was carried out using both established examples from the field of reinforce-
ment learning as well as handcrafted systems that exhibit interesting characteristics.

Related Work. Only little work considers the question of inferring automaton models
from reactive systems with continuous outputs that exhibit stochastic behavior. Never-
theless, many contributions exist for either field in isolation. An interesting approach not
directly related to automata is provided by Hazan et al. (2017). They propose a method
that allows inferring Linear Dynamical Systems from data. In this formalism, the state of
the system and its output are governed by a linear equation system subject to noise. An
overview on inference of probabilistic automata is given by Verwer and Hammerschmidt
(2025). Pellegrino et al. (2016) provide an inference algorithm for an automata formalism
with continuous outputs. However their method produces deterministic models where states
statically approximate a single fixed output rather than fitting a distribution. Extended Fi-
nite State Machines (EFSMs) are a very expressive but fully deterministic formalism where
states are augmented by data variables. It considers inputs with parameters. The input
parameters and the internal state are used in guards to determine which transition to take
and also govern how the internal state is updated and which output is emitted. Inference
techniques for this formalism have been developed by Mariani et al. (2017), Foster et al.
(2021) and Chivilikhin et al. (2019) with varying degrees of completeness. While theo-
retically suitable for continuous behavior, EFSMs are mainly applied in discrete settings.
This is in contrast to hybrid automata, which is a formalism explicitly designed to describe
hybrid systems. In this formalism, each state is associated with a system of differential
equations that govern the trajectories of internal variables. Gurung et al. (2023) and Poli
et al. (2021) discuss inference algorithms for this formalism in the case of deterministic and
stochastic systems respectively. The latter approach targets a similar type of system as our
method. However, it is conceptually very different and does not directly translate to our
setting. For example, they assume that the behavior is fully determined by an observable
mode.

Discussion. The evaluation given in Section 4 supports the following key findings
of this paper. (1) While the formalism of continuous abstractions may not be a class of
automata that accurately describes an interesting class of reactive systems, it still is a useful
tool in the approximation of such systems. In particular, we showed that considering the
continuous values during model inference is a valuable idea that can significantly increase
the quality of the resulting models. (2) For the proposed algorithm, a trade-off has to
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be made between execution time and model quality. If quality is the main priority, our
algorithm should be instantiated using either Kolmogorov-Smirnov or Distance Correlation
as the k-sample test. In this case, either Fisher’s test or a weighted geometric mean should
be used for combining p-values. If execution time is an issue, MANOVA can be used as a
k-sample test to obtain a model in less time.

In the future, we would like to use this approach to learn environment models for rein-
forcement learning algorithms. This is useful for both training and verifying reinforcement
learning agents as discussed, e.g., by Muskardin et al. (2023) and Tappler et al. (2024)
respectively.

Acknowledgements. The work in this paper was supported by the Austrian Science
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Appendix A. Additional Tables

| PCM | Spr | Svr| Swr | Suc| Scp| Sp

CCT 0.443 | 0.250 | 1.283 | 3.677 | 10.103 | 0.123
F - 0.263 | 1.426 - 0.000 | 0.135
DC S 0.380 | 0.221 | 1.275 | 3.593 9.926 | 0.120
S+W 0.460 | 0.219 | 1.307 | 3.484 | 10.060 | 0.119
G 0.459 | 0.262 | 1.399 | 3.035 | 10.592 | 0.136
G+W || 0.476 | 0.266 | 1.489 | 3.318 | 10.191 | 0.136
CCT 0.340 | 0.201 | 1.174 | 2.610 9.600 | 0.111
F 0.473 | 0.264 | 1.431 - 9.835 | 0.122
KS S 0.346 | 0.205 | 1.198 | 2.598 9.094 | 0.112
S+W 0.353 | 0.194 | 1.300 | 2.605 9.291 | 0.110
G 0.398 | 0.228 | 0.000 | 3.767 8.766 | 0.117
G+W || 0.462 | 0.258 | 1.410 | 3.673 9.884 | 0.120
CCT 0.399 | 0.196 | 1.162 | 3.415 9.746 | 0.118
F 0.392 | 0.189 | 1.248 | 3.466 9.673 | 0.123
M S 0.378 | 0.198 | 1.192 | 3.370 9.832 | 0.118
S+W 0.377 | 0.200 | 1.132 | 3.408 | 10.234 | 0.120
G 0.374 | 0.187 | 1.141 | 3.298 9.315 | 0.119
G+W | 0375 | 0.192 | 1.089 | 3.295 9.181 | 0.120

Table 4: Average per-step likelihood for different p-value combination methods.
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