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Abstract

Clark and Eyraud (2007) introduced the class of substitutable languages and showed that
context-free substitutable languages are identifiable in polynomial time in the limit from
positive data. Yoshinaka (2008) generalized this result to (k,)-substitutable context-free
languages, and Coste et al. (2012) extended it to (k,1)-local substitutable context-free lan-
guages. However, these classes are only learnable under a polynomial thick-data relaxation
of the Identifiable in the Limit with Polynomial Time and Data (IPTD) criterion.

In this paper, we introduce a class of grammars providing a canonical representation of
(k, 1)-local-context substitutable languages, which combine (k, [)-substitutability and (k, )-
local substitutability, together with a linear-time inference algorithm. This allows us to
prove that this class is IPTD, yielding the first IPTD result for a class of substitutable
languages without thickness assumptions.
Keywords: Learnability, substitutable languages, context-free grammar, canonical form

1. Introduction

Building on Gold’s model for identification from data (Gold, 1978) and Pitt’s polynomial-
time constraints on inductive inference (Pitt, 1989), de la Higuera (1997) formalized the
learnability criterion of Identifiable in the Limit from Polynomial Time and Data (IPTD),
requiring polynomial bounds on both time and data with respect to representation size and
having since become a standard criterion for identifiability in feasible grammatical infer-
ence from data. de la Higuera (1997) showed that deterministic finite automata are IPTD,
whereas context-free grammars, linear grammars, simple deterministic grammars, and even
nondeterministic finite automata are not. These results highlight both the difficulty of learn-
ing expressive language classes and the crucial role played by the choice of representation in
this learning framework. In particular, they place the learnability frontier near context-free
grammars, motivating subsequent work on identifying grammar classes that retain some
of the expressive power of context-free grammars while remaining efficiently learnable. A
prominent line of research in this direction is due to Clark and Eyraud (2007), who intro-
duced the class of substitutable languages as a simple formalism for studying learnability
under the principle of substitutability and the distributional hypothesis from linguistics.
Substitutable languages are defined by the property that if two strings occur in the
same context, they are substitutable in all their other contexts. Clark and Eyraud (2007)
showed that the class of context-free substitutable languages is identifiable in polynomial
time in the limit from positive data, opening the door to similar results for more expressive
formalisms (for instance: Clark and Yoshinaka, 2016; Numaya et al., 2023; Kanazawa and
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Yoshinaka, 2023) and to alternative definitions of substitutability for context-free inference
(Yoshinaka, 2008; Coste et al., 2012). Yoshinaka (2008) introduced (k,1)-substitutability,
hereafter referred to as (k,[)-context substitutability, as a generalisation of k-reversibility
from regular languages to the context-free setting, restricting the contexts in which strings
are substitutable. Motivated by the inference of context-free grammars for modelling bio-
logical sequences, Coste et al. (2012) showed that the criterion for determining whether two
strings are substitutable should be relaxed from global to local contexts when considering
such sequences. This led them to define the class of (k,[)-local substitutable languages
and, in combination with the definition of Yoshinaka (2008), the class of (k,[)-local-context
substitutable languages.

The result of Clark and Eyraud (2007) addresses polynomial-time learnability but not
the polynomial data requirement of IPTD. Clark and Eyraud (2007) show that the size of the
required training set cannot be bounded polynomially in the size of a context-free grammar
representing substitutable languages, by considering languages consisting of the single string
a®", represented by the grammar G,, = (a,{N;: 1 < i < n},{N; = N;_1N;_1:1 < i <
n} U{N; — aa},{N,}). For these languages, any training set has size exponential in
the size of the grammar. Since these languages are also (k,[)-context substitutable for all
k,l > 0, this limitation also applies to these classes. To obtain a polynomial data bound,
a weaker criterion had to be used: the Identification in the Limit from Polynomial Time
and Thick Data (IPTtD) (Yoshinaka, 2009; Eyraud et al., 2016), which incorporates the
thickness of the grammar into the bound on the size of the required training set. Yoshinaka
(2008) showed that (k,)-context substitutable languages are IPTtD, and the same property
was later obtained for (k,1)-local substitutable languages in reduced normal form by Coste
and Nicolas (2018).

In this paper, we study the learnability of (k,[)-local-context substitutable languages,
the more expressive class introduced by Coste et al. (2012), whose learnability has not yet
been characterized. This enables us to provide the first IPTD result without thickness for
a class of substitutable languages. Our contributions are threefold: (i) the introduction of
(k,1)-step local-context grammars, (ii) the proof that they form a canonical representation
of (k, 1)-local-context substitutable languages, and (iii) a linear-time learning algorithm from
finite data. As a consequence, we show that the (k,1)-step local-context grammar represen-
tation class of (k,[)-local-context substitutable languages, and thus (k, [)-local substitutable
languages, is IPTD.

2. Definitions and notations
We remind first the definition of IPTD by de la Higuera (1997):

Definition 1 (IPTD) A representation class R is identifiable in the limit with polynomial
time and data (IPTD) iff there exists two polynomials p, q and an algorithm A such that:

e Given a training sample S of size ||S||, A returns a representation R in R consistent
with S in O(p(||S]])).

e For each representation R in R of size ||R||, there exists a set C'S (named characteris-
tic set) of size at most O(q(||R|])), such that A returns a representation R’ equivalent
with R for any set S containing C'S.
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To study the learnability of substitutable languages represented by context-free grammars
from positive examples, we introduce in this section the related standard definitions and
notations used throughout the paper.

Formal Languages

Let ¥ be a non-empty finite set of symbols, called an alphabet. A string over X is a finite
sequence of symbols from ¥. The length of a string w is denoted by |w]|, and the empty
string, i.e., the unique string of length 0, is denoted by A. The set of all strings over X is
denoted by ¥*. We write ¥t = ¥*\ {\}. For k € N, we define X% = {w € ¥* | |w| = k},
YF = {w € ¥* | |w| < k}, and ¥<F = ¥k \ ¥¥. We choose an arbitrary order < over
Y. that we extend canonically to ¥* by defining that, for u,v € ¥*, u < v if |u| < |v|, or
|u| = |v| and w is lexicographically smaller than v.

A subset of ¥* is called a language over ¥. For a finite language L C ¥*, |L| denotes
its cardinality, and its size is defined as ||L|| = >°, c; |w|. For a string w € £T, we define
Sub(w) = {w' € ¥7: Ju,v € ¥* ww'v = w}, and for a language L C XF, Sub(L) =
Uwer Sub(w), the set of all factors of strings in L. For a string y € YT, we define its
distribution Dy (y) as the set of contexts in which it occurs in L. Formally, Dy (y) = {(u,v) €
Y* x *: uyv € L}. We define the (k, )-distribution of y € XT for L as Dg’l(y) = {(u,v) €
Yk x 3t uyv € Sub(L)}. For a set of strings X C XF, we define DE’I(X) =Uyex D[]i’l(y).
For a language L C X%, we define the set of (k,[)-contexts in L by C*!(L) = Dﬁ’l(Sub(L)).
Finally, for (u,v) € C*!(L), we define I'1,(u,v) = {y € X7 : uyv € Sub(L)}, the set of strings
occurring in context (u,v) in L.

Substitutable Languages
L is a substitutable language (Clark and Eyraud, 2007) if for any yi,y2 € L,

Dr(y1) N Dr(y2) # 0 = Dr(y1) = Dr(y2).

For non negative integers k and [, it is a (k,[)-substitutable language (Yoshinaka, 2008) if
for any yi,ys € L, for any (u,v) € £F x X!,

Dr(uy1v) N Dr(uy2v) # 0 = Dr(uy1v) = Dr(uyav).

Since this substitutability is restricted to (u,v) contexts, we refer to this notion as (k,1)-
context substitutability rather than (k,[)-substitutability. This helps to contrast with the
definition of L being a (k,!)-local substitutable language (Coste et al., 2012) if for any
x,y € BT,
k,l k,l
Di'(a) N DE'(y) £0 = Dy(x) = Di(y)

in which local contexts of size (k,[) rather than global contexts are used to identify substi-
tutable strings.

Combining these two notions balances broader, and sometimes excessive, generalization
enabled by locality with the specificity provided by contextual constraints. This leads us
to the definition of the class studied in this paper.
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Definition 2 ((k,l)-LCS) Let k,l € N. A language L is (k,1)-local-context substitutable
((k,1)-LCS) if for any z,y € ¥ and any (u,v) € ¥ x ¥},

(u,v) € Di’l(x) N Di’l(y) = Dy (uxv) = Dp(uyv).

Since the set of (k,l)-contexts is finite, there are only finitely many congruence classes
for a (k,l)-local or (k,l)-local-context-substitutable language. Hence, these languages are
regular.

If a language is (k,[)-LCS, then it is also (m,n)-LCS for any m > k and n > [. The
(k,1)-LCS classes form a strictly increasing hierarchy as k and [ increase. To see that the
hierarchy is strict, consider the language L defined by the regular expression a**t1btalt!,
This language is (k + 1,1 + 1)-LCS since each string = with DEH’ZH(:E) # () belongs to b™
and we have for all x,y € b*, Dy(z) = D (y) implying for all (u,v) € Di’l(a:) N D]Z’l(y),
Dp(uzv) = Dr(uyv). But L is not (k,1)-LCS since (a*,b!) € D%l(a) N Di’l(b), while
(A, a1y € Dr(akab') and (A, a!T!) ¢ Dy (akbd').

Context free grammars

A context-free grammar (CFG) is a quadruple G = (X,V, P, S), where ¥ and V are disjoint
sets of terminal and non-terminal symbols, respectively, P is a set of production rules,
and S € V is the start symbol. We restrict ourselves to A-free grammars to simplify the
presentation: a production rule in P has the form A — 3, where A€ V and f € (SUV)*.
The size of G is defined as ||G|| = >_ 4,5 p(|Al +B8]) = 24 5ep(1 +[B]).

For a grammar G = (X,V,P,S), if A — g € P, we write Ay =g af~y for any
a,v € (XUV)T. We denote by :>J(§ the transitive closure of =, and by =, its reflexive
and transitive closure. For n € N*, we write ag =% o, if there exist o, ..., a, € (BUV)T
such that a; =g ;41 for all i € {0,...,n —1}. For a € (X UV)T, we define L(G,a) =
{w e TT: a = w}. The language generated by G is L(G) = L(G, S). Two grammars Gy
and Gy are equivalent if L(G1) = L(G2). A language is context-free if it is generated by a
context-free grammar.

A symbol A € XUV is useless in G if there are no u, v, w € X* such that S ={, uAw =,
wvw (Hopcroft et al., 2003). A CFG G is trim if ¥ UV contains no useless symbols. A
trim grammar is entirely determined by its set of production rules and its start symbol. We
assume that target grammars are trim. In the following, terminal symbols are denoted by
a,b,c, ..., non-terminal symbols by A, B, ..., strings over ¥ by u,v, ..., z, and strings over
YUV by o, 8,7.

3. (k,])-step local-context grammar
3.1. Definition

To define the subclass of context-free grammars representing (k, [)-LCS languages, we focus
on (k,l)-contexts and introduce a hierarchical decomposition of a string into nested (k,1)-
contexts obtained by recursively removing its prefix of length £ and suffix of length I.

Definition 3 ((k,l)-context step decomposition) Let k,l > 0 with k+1 > 0. The
(k,1)-context step decomposition of a string w € X1, denoted by D¥!(w), is defined recur-



IDENTIFICATION IN THE LIMIT WITH POLYNOMIAL TIME AND DATA OF (k,[)-LCS GRAMMARS

sively as follows:

) <
DH () = (w), if w] <k +1,
(u, DFY(x),v), if |w| >k +1, where w = uzxv, |u| =k, |v] = 1.

For example, for k = 1 and | = 2, D?(aabacbaca) = (a, (a, (bac),ba), ca).

We represent the (k,l)-context-step decomposition of w as a recursively nested tuple
DEYw) = (ur, (... (Un, (x),v,) ...),v1). We call x the core, denoted Z%!(w); each (u;, v;) the
i-th context, denoted Df’l(w); and n the depth, denoted d®!(w), given by d*!(w) = L‘IIZL—_IIJ
We define the set of all context-step pairs of w: D¥(w) = {(us,v;) | 1 < i < dbl(w)}.
We extend these notions to a language L C ST by ZF(L) = |J,ex Z™ (w), Df’l(L) =
Uwex Df’l(w) and DFY(L) = Uwex D¥!(w), where we define Df’l(w) = () if i exceeds the
depth of D*(w).

We can now define the (k,[)-step local-context grammar for a language L as follows.

Definition 4 ((k,[)-step local-context grammar) Let k,l > 0 with k +1 > 0. The
(k,1)-step local-context grammar for a language L C T is GF(L) = (X, V, P, Ng), where:

V = {Nuyu: (u,0) € DIY(L)} U {Ns},
P={Ns—y:yec LNnI(L)}
U{Ngs = ulNyv: (u,v) € Dk Z(L)}
U{Nuo = y:y € I(L), (u,0) € DPY(L), uyv € Sub(L)}
U{Nyy = ' Ny ' (u,0), (v, 0") € DY), Ty € ST, unyv'v € Sub(L)}.

This grammar is well defined since the set of strings Z%!(L) of length at most k 4 1, as well
as the set of possible contexts (u,v) with |u| = k and |v| = [, are finite, and therefore V'
and P are finite.

This grammar is in (k,[)-Greibach normal form ((k,[)-GNF) (Yoshinaka, 2008), which
generalizes Greibach normal form (Greibach, 1965) and double Greibach normal form
(Rosenkrantz, 1967; Engelfriet, 1992). It uses only (k,[)-contexts from DI (L), i.e., those
required by the (k,[)-context-step decompositions of strings in L, to define non-terminals
generating each the language inside their k, [-context, thereby inducing a closure under local
substitutability on these contexts.

3.2. Canonicity

Let k,l be non-negative integers with k& +1 > 0, let L be a (k,1)-LCS language, and let
GHU(L) = (%,V, P,Ng) denote its associated (k,1)-step local-context grammar. To show
that the (k,l)-step local-context grammar is a canonical form for (k,)-LCS languages, we
begin by establishing some properties of the production rules of G*!(L) before characterizing
the languages generated by the non-terminals.

Proposition 5 For (u,v) € Di'(L),y € ©<k+L, Nyw — y € P if and only if there exists
w € L such that y = TF (w) and (u,v) = Dskll( )(w).

5
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Proof Let (u,v) € DF(L) and y € RSk

= : Suppose that N,, — y € P. Then by definition of P, uyv € Sub(L). This
means that there exists wy; € L such that wi; = zjuyvz; for some x1, 21 € ¥*. Moreover,
(u,v) € D¥Y(L) so by definition, there exists wo € L and i € {1,...,d" (w3)} such that
(u,v) = Df’l(fwg). Let w9,z € X% and yo € X7 such that ws = xouysvze. We have
(u,v) € Di’l(y) N Dz’l(yg), so as (x2,22) € Dr(uyav) = Dr(uyv) (because L is (k,1)-LCS),
w = xouyvzy € L, and as |y| < k+ 1 and (u,v) = Df’l(wg), then d*!'(w) = i, (u,v) =
DM (w) and y = M (w).

koL (w)

<= : Suppose that there exists w € L such that y = Z%!(w) and (u,v) = Dslz{l(w) (w).
By definition, y € ZF!(L), (u,v) € Df’l(L) and there exists x,z € ¥* such that w = zuyvz
so uyv € Sub(L) so by definition of P, N, , =y € P. [ |

Proposition 6 For (u,v) € DiY(L), (u/,v') € DFN(L), Ny, — W Ny V' € P if and

only if there exists w € L and i € {1,...,d"'(w) — 1} such that (u,v) = Df’l(w) and
1oy — kil

(u',0) = Dz’+1(w)-

Proof = : Suppose that Ny, — ©/N, v € P. By definition of P, there exists
y € ©F such that uu/yv'v € Sub(L). Moreover, (u,v) € D¥(L) so there exist wy € L and
i1 € {1,...,d* (wy)} such that (u,v) € DZ’l(wl). We then have w; = zquyjvz; for some
r1,21 € X* and y; € T, Hence uyiv € Sub(L), uu'yv'v € Sub(L), which implies that
(u,v) € Di’l(yl) N Di’l(u’yv'). And as L is (k,1)-LCS, then by definition, as (x1,21) €
Dy (uyi1v) = Dp(uu'yv'v), we have xjuu'yv'vzy € L. Let w = xjuu'yv’vzy. Then w € L,
(u,v) = Dfl’l(w) because (u,v) = Dfl’l(wl), and as (v/,v') € DPY(L), then (v, ') € BF x X!
so (u/,v') = foi—l(w)‘

<= : Suppose that there exists w € L and i € {1,...,d"!(w) — 1} such that (u,v) =
Df’l(w) and (u/,v) = Df_’:l (w). Then by definition, (u,v) € DF (L), (W/,v') € DF(L) and
there exists z,2 € ¥* and y € X1 such that w = zuu'yv'vz, so uu'yv'v € Sub(L) so by
definition of P, Ny, — t/ Ny v € P. [ |

Lemma 7 For all (u,v) € D¥(L), L(Ny,) C {z € Sub(L): uzv € Sub(L)}.

Proof We show by induction that for allp > 1, H,: "V(u,v) € Df’l(L),Vy € L(Nuyw), (Nuw =%
y) = uyv € Sub(L)”.

p=1: Let (u,v) € DF(L), and y € L(Ny) such that N, , = y. Then y was produced
by the rule Ny, — y in GF!(L). As this rule is in P, by definition, uyv € Sub(L).

p—1 — p: Let p > 2 such that H, ; holds. Let (u,v) € DFY(L) and y € L(Ny.)
such that Ny, :>1(7; y. As p > 2 > 1, y could not be produced by the rule N, — v,
so the first production rule that produced it is one of the form Ny, — u'Ny v for

some (uv/,v') € DFYL). So we have y = w/y/v/ for some 3 € L(Ny ), and we have
Ny :>g_1 y'. By the induction hypothesis H,_1, y = u'y’v" € Sub(L). Moreover, as
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the rule Ny, — %Ny v’ is in P, this means by Proposition 6 that there exists a string
w € L and some j € N such that (u,v) = D;-C’l(w) and (u/,v") = Dﬂ1
w = zuu'y"v'vz for some z, 2z € X*,y" € LT,
As u'y'v' € Sub(L), (u',v") € Dlz’l(y”) ﬂDE’l(y’). Since L is assumed to be k, [-local context
substitutable, by definition, Dy (u'y'v") = Dp(u'y"v"). As (zu,vz) € Dr(u'y"v") (because
w € L), (xu,vz) € Dr(u'y'v") so zuv'y'v'uz € L. By this fact, uyv = uu'y'v'v € Sub(L).
As this works for every (u,v) € D¥(L), we get H,.

By the induction principle, H), holds for all p > 1. Moreover, by definition, for every
(u,v) € Df’l(L), for every y € L(Ny,), there exists p € N such that N, , =7, y so the
lemma is proved. u

(w). So we can write

This implies that if L is (k,1)-LCS, the language recognized by L(G*!(L)) is at most L.
Corollary 8 L(GM (L)) C L

Proof Let w € L(G¥!(L)). If the first production rule used to derive w from Ng is Ng — y
for some y € LNIM(L), then w =y € LNIM (L) C L sow € L.

Otherwise, the first derivation is Ng — uN, ,v where (u,v) = le’l(w’) for some w' € L
(by definition of P). So there exists y € L(N,,) such that w = uyv. By Lemma 7, uyv €
Sub(L). Moreover, we have w’ = uy'v € L for some y' € ¥*. As (u,v) € Di’l(y) N Di’l(y’)
and as L is (k,1)-LCS, (\,\) € Dr(uy'v) = Dp(uyv), so w = uyv = Auyv\ € L. So
L(G*(L)) C L. u

Let us prove now that the generated language is large enough.
Lemma 9 L C L(GFY(L)).

Proof Let w € L.

If |w| < k + 1, the rule Ng — w is in P by definition, so w € L(G*!(L)).

Otherwise, let (up, (..., (un, (z),vy),...),v1) be the (k,l)-context-step decomposition of
w. We show by induction that for all 7 € {1,...,n}, H; : ”Ng :>6 UL Ui Ny 0, V3017

t =1 we L and (u,v1) = D’f’l(w), s0 Ng — u1Ny, »,v1 in P by definition, and thus
H; holds.

i — 14 1: Let i < n such that H; holds. We have w € L, (u;,v;) = Df’l(w) and
(Uit1,Vit1) = Df_ﬁl (w), so by Proposition 6, P contains the rule Ny, », — w11 Ny v, Vit1
and by the induction hypothesis H;, Ng :>ZG Up...U; Ny, 0, i-..v1. S0 by definition, Ng iiGH
u1...ui+1Nui+1,Ui+1vi+1...vl. So Hi+1 holds.

By the induction principle, we can thus derive ...ty Ny, v, Vn...v1 from Ng in P.

Then, w € L, (up,v,) = D!

dk,z(w)(w) and z = Ik’l(w)7 s0 Ny, v, — T € P, so we can

derive uq...upTv,...V1 = W.
Finally, w € L(G¥!(L)). This works for every w € L, so we have L C L(G*!(L)). [ |

In the proof of this second lemma, we did not use the fact that L is (k,[)-LCS, so
the result applies to any language. For a language L, L(G"!(L)) generalizes L, but it
does not guarantee that it is (k,1)-LCS when L is not itself (k,)-LCS. For example, take
k=1=1and L = {aba,aaaba}, then L(G"' (L)) = {aba, aaa, aaba, aaaba, aaaaba}. Here
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b and ab share the same (1,1)-context (a,a), but substituting b by ab in aaaaba yields
aaaaaba ¢ L(GY(L)), so L(GYY(L)) is not (1,1)-LCS.

If L is (k,1)-LCS, we get by Corollary 8 and Lemma 9 that L(G*!(L)) = L, so the
class of grammars of the form G*!(L) is a normal representation for the class of (k,)-LCS
languages. We now show that it is a canonical form.

Theorem 10 The (k,l)-step local-context grammars form a canonical representation for
the class of (k,1)-LCS languages.

Proof We already proved that it is a normal representation, so to prove the theorem, it
suffices to show that there is a unique (k,[)-step local-context grammar that recognizes a
fixed (k,1)-LCS language.

Let L be a (k,1)-LCS language, and let G&!(L') = (X, V', P/, N§) be a (k,1)-step local-
context grammar such that L(G*!(L')) = L. Let also (X, V, P, Ng) = G*!{(L). By Lemma 9,
L' C L(G*(L')) = L so by definition, P' C P. We show that P C P’

Let y € ¥* such that Ng — y € P. Then y € £k ¢ ¢ [ = L(GF!(L')) and G (L)
is a (k,1)-step local-context grammar, so Ng — y € P'.

Let (u,v) € le’l(L) such that Ng — uN, ,v € P. Then there is a word w = uyv € L =
L(GF(L")) for some y € ¥7F, and as |w| > k+1 and G¥!(L’) being a (k, )-step local-context
grammar, Ng — ulN, ,v € P’.

Let (u,v) € D,’f’l(L),y € I*(L) be such that N,, — y € P. By Proposition 5, there
exists a word w € L such that y = ZF!(w) and (u,v) = Dsl’@l«l(w)' w € L = L(GHY(L')), and
G (L) is a (k,1)-step local-context grammar, so N, , — y € P'.

Let (u,v), (u/,v') € D¥!(L) be such that Nyw — W Ny ' € P. By Proposition 6, there
exists a word w € L and an integer i € {0, ...,d"!(w) — 1} such that (u,v) = Df’l(w) and
(u',0v") = ijrll(w). We have w € L = L(GHY(L')), and G¥Y(L') is a (k,1)-step local-context
grammar, so Ny, — &' Ny v € P'.

So P = P’ and the unique (k, [)-step local-context grammar that recognizes L is gk’l(L).
|

4. Identification in the limit with polynomial time and data
4.1. Algorithm

Let S = {s1,...,s,} be a finite training sample consisting of strings from a language L over
an alphabet 3. Algorithm 1 presents the pseudocode of the (k,[)-step learner algorithm,
which constructs a grammar G*!(S) directly from the (k, I)-context-step decompositions of
the strings in S. We refer to G*!(S) as the (k,1)-step grammar of S.

Lemma 11 Algorithm 1 terminates.

Proof There is only one while loop in the algorithm, and |y| is strictly decreasing in every
iteration, so the algorithm terminates. |

Lemma 12 Algorithm 1 computes G¥'(S) in linear time O(||S])).
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Algorithm 1: (k,[)-step learner
Input: Set of sequence S on ¥; k,1 € N such that k+1 >0
Output: Grammar G*!(S) = (3, Vs, Ps, Ny »)
VS — {N,\,)\}
Pg 0
for y € S do
wU,v— A\
while 3(v/,y/,v") € 2F x ¥t x B!y = 'y’ do
Vs + Vg U {Nu’,v’}
Pg +— Pg U {Nuﬂ, — u’Nu/,v/v/}
u,y,v <,y v

end

Pg +— PgU {Nuﬂ) — y}
end

return <Z, Vs, PS, N/\)\)

Proof The algorithm processes each string s € S exactly once. For each s, either |s| < k-+1,
in which case a single production is added in O(|s|) time, or it computes the (k,[)-context-
step decomposition of s, which takes O(|s|) time. In the latter case, one production of
size O(k + 1) is created per step of the decomposition. The number of steps is at most
||s|/(k+1)] < |s|, hence the total cost per string remains O(|s|). Summing over all s € S
yields O(3,cq1s]) = O(||S]]), so the algorithm runs in linear time. [ |

4.2. Characteristic set

For a target (k,l)-step local-context grammar G, recognizing a (k,[)-LCS language, we
define, as in Clark and Eyraud (2007), its characteristic set by

CS(Gy) = {lwr: (N = a) € P,(I,r) = ¢(N),w = w(a)},

where for a nonterminal N € V, ¢(N) = min{(l',r’): § =¢ INr'} and for a word o €
(XUN)*, w(a) =min{w': a =§ w'}.

Definition 13 Let k,l be nonnegative integers such that k41 > 0. We say that « CFG G
= (3,V,P,S) is in (k,1)-RGNF (Restrictive Greibach Normal Form) if every production is
of the form A — y with y € XSFHA\{A} or A = uNv withu € ¥* v € X! and N € V.

(k,1)-RGNF grammars form the subclass of (k,[)-GNF grammars (Yoshinaka, 2008) that
are linear, i.e., whose right-hand sides contain at most one nonterminal. Since (k,[)-step
local-context grammars form a subclass of (k,l)-RGNF grammars, the following lemmas
will allow us to derive polynomial bounds on the size of C'S(G).

Lemma 14 Let G = (X,V, P, S) be a (k,l)-RGNF grammar and let w € L(G). The only
possible derivations of w from S have the form S =g ui N1v1 =g urusNovov; =¢a ... =¢
ULUQ . U NpUpy . .. V2V =G W = UIUQ . . . Up Ty, . .. V21 for some N; € Vi€ {1,2,...,n},
where (uy, (uz, (..., (Un, (T),vn),...),v2),v1) is the (k,l)-context-step decomposition of w.
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Proof Let G = (X,V,P,S) be a (k,l)-RGNF grammar, let w € L(G) and let the
(k,1)-context-step decomposition of w be (u1, (ug, (..., (un, (x),vn),...),v2),v1). If n =0,
then |w| < k + [ so the only possible derivation of w from S is S =¢ w, by definition
of (k,1)-RGNF. Otherwise, we proceed by induction on i € {1,...,n} and prove H;:
"the first i derivation steps have the form S =g w1 Nivi =g wusNovov1 =¢g ... =¢
uiug ... u;N;v; ... vgv; where N; € V for j € {1,...,i}".

© = 1: Since |w| > k + [, by definition of (k,!)-RGNF, the first derivation step is of the
form S — uNjv with |u| = k, |v| =, so H; holds with u; = u and v; = v.

it - 14+ 1: Let ¢ € {1,...,n — 1} such that H; holds. By the induction hypothesis,
the first ¢ derivation steps can only be of the form S =g w1 N1v1 =g urusNovovi =¢
.. =g WUy ... uiNv; ... vov1 where Nj € V for j € {1,...,i}. Moreover, since ¢ < n and
using the fact that |w| = n - (k+1) + |c¢| with |¢| < k + [, the (i + 1)-th derivation can’t
be of the form N; — y, otherwise the derived word would have length i - (k + 1) + |y| <
(i+1)-(k+1) <n-(k+1) < |w|. So the only possible derivation is of the form N; — uN; v
with |u| = k, |v| = [ and it follows that H;; is verified with u;+1 = w,v;41 = v. Finally,
the last derivation can only be of the form N, — ¢, otherwise the derived word would be
longer than |w|, thus = ¢ because it is the last derivation and the final word is w. |

Lemma 15 Let G, be a target (k,l)-step local-context grammar, and let L = L(Gy).
For every S C L, if CS(G,) C S, then GF(L) = ¢'*(9) = GF\(S), where G'*'(9) =
(3, V', P! Ng) with V' =V and P’ defined as follows:

P ={Ng —y:yeSnIF(S)}
U{Ng — uNyv: (u,v) € DI'(S)}

U{Nu,v —Y: Jw € Sa y= Ik,l(w% (ua U) = Ds;cl,l(w) (w>}

U{Nyy = ©/ Ny v’ : Jw € S, 1 < i < d(w), (u,v) = D (w), (u/,v') = DI (w)}.

7

Proof Let S C L such that CS(Gx) € S. As S C L and as the grammar Gk is defined in
terms of existence of words in the language, we have by construction G’**(S) C GF(S) C
G*L(L). We now show that GH(L) = (3, V, P, Ng) C ¢'*!(9).

o Vy € LNYSF Ng — y € P. Moreover, ¢(Ng) = (A, ) and w(y) =y so y € S and
ly| < k+1so Ng — y € P by definition.

o Y(u,v) € le’l(L), Ng — uN,,v € P. Moreover, ¢(Ng) = (A, A) so w(uNy,v) =
uw(Ny»)v € S so by definition, (u,v) € D]f’l(S) and finally Ng — uN, v € P’

e Let N, , — y € P. By Proposition 5, there exists w € L such that y = Z%!(w) and
k.l
(u,v) = D i
Whenever N, , appears in the right side of a production rule, the right side is uN,, ,v,
k.l

so by Lemma 14, (u,v) = D

dk,l(u/y,vl)
Nyy =y e P

(w)(w). We have w(y) = y so by writing (v/,v") = ¢(Ny,), v'yv’ € S.

(u'yv") and y = M (u'yv’) so by definition,

10
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e Let Ny, — /Ny 0" € P. By Proposition 6, there exists w € L,i € {1,...,d" (w)—
1} such that (u,v) = Df’l(w) and (u',0") = ijrll(w). By writing (ug,v0) = ¢(Ny),
by definition, 35 € N, Ng =7 ugNy ,vg =* upw(Ny,»)vo and by Lemma 14, (u,v) =
D;?’l(uow(Nujv)vo). This implies that (u,v) = D;-C’l(uou’w(Nu/,U/)v'vg) and (u/,0v") =
Dfil(uou’w(]\fu/w/)v’vg). As w(u' Ny ") = t'w(Ny )V, uot'w(Ny o )v'vg € S so
by definition and the facts above, N, , — u/Ny 0" € P'.

We just proved that every production in G¥(L) is also in g’k’l(S) so GHY(L) C g’k’l(S).
Finally, we have G¥!{(L) C ¢’*'(S) C gF!(S) C GF(L), so (L) = ¢*(S) = GF(S). ™

Lemma 16 For every S C L, let G*(S) be the output of the (k,l)-step learner. Then
GFL(S) = g™ (9).

Proof To prove this, since we iterate over every word in .S, it is sufficient to show that,
writing u;, v; for the ', v" chosen during the i-th iteration of the while loop, 3/ for the final
value of y and yg for the initial value of y, (u1,(...,(y")...),v1) is the (k,1)-context-step
decomposition of yo. If this is the case, for every word w € S, G¥!(S) will contain only
the derivation Ny — w if |y| < k 4 1. Otherwise it will contain the derivations Ny y —

; k,l / .
U1 Ny 0y V15 Ny vy — Uig1 Ny, vi41 for 1 <i < d®'(w) and Nudkvl(w)’vdk’l(w) — 1/, which

i+1,Vi4+1
are exactly the derivations in G’ k’l(S ) after replacing IV ) with Ng.

We do this by induction on the length of y at the beginning of the while loop, with the
fact that at some point we will have |y| < k+1. If |y| < k+1 at the beginning of the while
loop, then the loop is not executed, y' = y and (y) is the (k,[)-context-step decomposition
of y so the claim holds. If |y| > k + 1, then y = u'y"v’ with (v/,v') € ¥¥ x X!, and we set
y1 = y. At the end of the while loop, we have y = y” with |y”| < |y1| so the induction
hypothesis applies, (ug, (... (y')...),v2) is the (k,1)-context-step decomposition of y” so by
definition of the (k,!)-context-step decomposition, the hypothesis is verified.

Thus by induction, the lemma holds. |

Corollary 17 For every S C L, if CS(Gy) C S, then the (k,l)-step learner algorithm
outputs GFL(L) on input S.

Proof By Lemma 16, the algorithm outputs g”f’l(s), By Lemma 15, we have GF(L) =
G"™!(S), which concludes the proof. -

By Corollary 17, we proved that if the characteristic set is in the input set, then the
algorithm outputs the target grammar G¥!(L). To prove IPTD, we need now to bound
polynomially the size of the characteristic set.

Lemma 18 For a grammar G = (X,V, P,S) in (k,l1)-RGNF and a production rule N —
a € P, the smallest word (with the lexicographic order) of L(G) for which N — « can
appear in one of its derivation in G is of size at most 2- (k+1) - (||G|| +1). i.e, for every
N —=a€eP,if(l,r) =c¢(N) and w = w(a), then [lwr] <2 (k+1)- (||G]| +1).

11
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Proof Let w be the smallest such word and let (ug, (ug, (..., (un, (¢),vn),...),v2),v1) be
its (k,l)-context-step decomposition. Let S =g u1Njv1 =g wiuaNovovy =g ... =¢
UIUQ - . . Up NpUp ... V201 =G w be a derivation from S of w (by Lemma 14) such that
N — « appears in it. Suppose by contradiction that |w| > 2- (kK +1) - (||G|| +1). As
every derivation adds at most k + [ terminal letters to the final word, this means that
there are at least 2 - (||G|| + 1) derivations, so n > 2- (||G||+1) =1 =2 ||G|| + 1. As
V| < ||G||, and as for every i € {1,...,n}, N; € V, by the pigeonhole principle, there exists
i1 < iz <ig € {1,...,n} such that N;; = N;, = N;,. Now we distinguish two cases:
)N —>a=8—u N or N— a= N, — ¢ since i1 > 1 and i3 < n, the derivation
S =G u1N1v1 =G ... =>G U1 .. .uilNilvil L.V =@ Uy .. -uilui3+1Ni3+lvi3+IUi1 U1 =@
L =G UL Ui Uiyt ] - - UnCUp ... Vg1, - .. V1 1S & derivation of a word smaller than w

from S in G, so it is in L(G) and its derivation contains N — «, so this contradicts the fact
that w is the smallest such word.
2) N - a = N; = uj11Nij410i41 for some i € {1,...,n — 1}: In this case, we distinguish
between two subcases:

a) ¢ < iz : In this subcase, as N;, = N, the derivation S =¢ uiN1v1 =¢ ... =¢
UL o Uiy Nip Vi oo V1 =G UL -+ Uiy Wit 1 NG 11 Vin - V1 =G - oo =@ UL+ Ujp U1 - - - Up WO
.+ - Vig+1Vi, - .. U1 is a derivation of a word smaller than w from S in G, so it is in L(G) and
it contains N — «, so this contradicts the fact that w is the smallest such word.

b) i > iy : In this subcase, as N;; = Nj,, the derivation S =¢ u1N1v; =¢ ... =¢
ui .. .uilNilvil LWV =@ Uup - .uilui2+1Ni2+1vi2+1vh U1 =G s =G UL U UGyt e
UpCUp, . . . Viy41Vi; - .. V1 is a derivation of a word smaller than w from S in G, so it is in L(G)
and it contains N — «, so this contradicts the fact that w is the smallest such word.

In every cases, we get a contradiction. This concludes the proof. |

Lemma 19 |[|CS(G.)|| < p(||G«||) for some p polynomial.

Proof By definition of C'S(G.), |CS(G.)| < |P| < ||G«||- Moreover, by Lemma 18, every
w € CS(G,) satisfies |w| < 2(k + 1)(||G«|| + 1). Hence, the encoding size of C'S(G,) is
bounded by the product of its cardinality and maximal word length, yielding ||C'S(G%)|| <
2(k 4+ 1)(||G«|| + 1) - ||G«]|, which is a polynomial in ||Gx||. ]

4.3. ITPTD result

By Propositions 5 and 6 and Lemmas 16, 15 and 19, CS(G) is a characteristic set for
G whose size is polynomial in ||G||. Together with Lemma 12, which establishes the
linear-time complexity of the learning algorithm, this yields that the class of (k,1)-step
local-context grammars generating (k,[)-LCS languages is IPTD.

Note that every (k,1)-LCS language is also an (m,n)-LCS language for all m < k and
n <[, with m +n > 0, so overestimating (k,[) preserves IPTD identifiability at the cost of
a larger training sample.

12
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5. Conclusion and perspectives

We introduced (k,[)-step local-context grammars as a representation class for (k,[)-local-
context substitutable languages, and thus for (k,1)-local substitutable languages, together
with a linear-time inference algorithm, and showed that this class is IPTD. Since these lan-
guage classes are regular, owing to their finite number of congruence classes, the significance
of this result lies in the choice and expressiveness of the representation rather than in the
languages themselves. (k,[)-step local-context grammars provide a compact yet canonical
context-free representation capturing nested dependencies and contextualized syntactic or
semantic categories while enabling feasible grammar inference in polynomial time and data.

This work opens several perspectives. First, (k,)-step local-context grammars form
a subclass of context-free linear grammars. This class is not IPTD for any alphabet X
of size at least 2 (de la Higuera, 1997) but some of its subclasses are IPTD, building on
the seminal results on even linear grammars (Takada, 1988; Sempere and Garcia, 1994).
Understanding the relationship between these results, and in particular how the locality
criterion contributes to IPTD learnability and whether it could yield similar results for
other classes of linear grammars, warrants further investigation. From an applied gram-
matical inference perspective, (k,[)-local-context substitutable languages can be seen as an
extension of locally testable regular languages, which are efficiently learnable and have been
applied to pattern recognition and biological sequence modeling (Garcia and Vidal, 1990;
Yokomori and Kobayashi, 1998; Peris et al., 2006). In this lineage, local strings are lifted
to local contexts, yielding a context-free generalization of local testability. Investigating
the connections between these formalisms, and more generally between local grammatical
representations, is a promising direction for advancing expressive and feasible grammatical
inference.
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